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1. In t roduc t ion  
-- -- -- - -  - 
Thi s  r e sea rch  i n  p a t t e r n  r ecogn i t i on  was s t imu la t ed  by a  d e s i r e  t o  
obtairl  q u a n t i t a t i v e  s t a t i s t i c a l  in format jon  about cer taj-n types  o f  random 
s p a t i a l  p a t t e r n s  such a s  might occur  i n  b i o l o g i c a l  o r  meta l lographic  photo- 
micrographs. Examples of  photomicrographs o f  t h e  r a b b i t  l e n s  ep i the l imin  
a r e  shown i n  F igs .  1 and 2.  The b a s i c  i d e a  i s  t o  ana lyze  t h e  manner i n  
whi.ch coherent  l i g h t  i s  d i f f r a c t e d  by a  two-dimenoional random p a t t e r n  and 
from such measurements t o  i n f e r  c e r t a i n  s t a t i s t i c a l  q u a n t i t i e s  such as 
mean c e l l  s i z e ,  shape,  and d i s t r i b u t i o n .  Lendaris  and ~ t a n l e ~ ' ~ '  have r e -  
c e n t l y  r e p o r t e d  on a  quasi-automatic  device  f o r  sampling t h e  d i f f r a c t i o n  
p a t t e r n  i n  an a t tempt  t o  recognize  p a t t e r n s  i n  a e r i a l  photographs. I n  ad- 
d i t i o n  t o  d i f f r a c t i o n  p a t t e r n  o r  power spectrum measurements we show i n  
t h i s  report- t h a t  au toco r re l a t ion  and cposs -co r re l a t ion  measurements %.re show 
i n  t h i s  r e p o r t  t h a t  a u t o c o r r e l a t i o n  and c r o s s - c o r r e l a t i o n  measurements can 
a l s o  be u s e f u l  i n  recognizing p a t t e r n s ,  p a r t i c u l a r l y  those  of a random na tu re .  
Progress  has  been made i n  t h r e e  a r e a s  of t h i s  r e sea rch .  The f i r s t  i s  
concerned wi th  power spectrurn measurements of  s p a t i a l  s i g n a l s .  While it is 
we l l  known t h a t  l e n s e s  can produce ~ o u r i e r  Transforms of s p a t i a l  s i g n a l s ,  
i n  t h e  a t t a c h e d  Technical  Report No. 70-3 we show t h a t  a  s i n g l e  l e n s  o r  a 
s i n g l e  s p h e r i c a l  mi r ro r  can not  only be used t o  produce a  power spectrurn of  
s p a t i a l  s i g n a l s  hut  can he used a s  a  complete o p t i c a l  p rocess ing  system i n  
which a f i l t e r e d  vers ion  of t h e  i n p u t  s i g n a l  can be obtained i n  t h e  
o u t p u t  p l ane .  The use of a l a r g e  spl-~erical mjr ro r  i n  such an optical pro- 
cessi~:: sys"i3 alLo:.!s one i-o use spa-ti.al_ signai.i-; of a l a i y e r  S~ZC: t han  is 
p o s s i b l e  w i t h  cornmen Lezls systenls . 
In  add i t i on  t o  norier spectrum rneasul-entents made with Lenses and. 
T i  I Pho  i ( omic ro~ raph  
, of the middle r e g i o n  of 
r a b b i  t 1 enq cp i t h c l  n i n ;  

s p h t r i c a l  m i r r ~ o r s  i t  h a s  been ;ilo:rn i n  t h i s  Ialiorator;. for ?hc f i r s t  "crr,e 
t h a t  polrer spectrtan measurements can be made holopraphical  ly r r i  t h o u t  t h e  
use o f  any l e n s e s .  This  work i s  descr ibed  i n  t h e  a t t ached  Techn ica l  Report 
No. 70-4 e n t i t l e d  "Four ie r  Transforming P r o p e r t i e s  of  Holograms" by Richard 
E.  Haske l l  which w a s  p r e sen t ed  a t  t h e  O p t i c a l  Soc i e ty  o f  America meet ing i n  
Hollywood, f l o r T d a ,  September 28-October 2 , .1970.  The l o c a t i o n  o f  F o u r i e r  
t ransform p lanes  i n  h o l o ~ r a p h i c  imaging i s  g r e a t l y  f a c i l i t a t e d  by t h e  use 
o f  two nornographs which a r e  desc r ibed  i n  t h e  a t t ached  Technica l  Report No. 70-1. 
The second a r e a  o f  p rogress  i s  r e l a t e d  t o  a u t o c o r r e l a t i o n ,  c ros s -  
c o r r e l a t i o n ,  and convolut ion measurements o f  s p a t i a l  s i g n a l s .  One method 
o f  measuring t h e  a u t o c o r r e l a t i o n  func t ion  o f  a  s p a t i a l  s i g n a l  i s  t o  r eco rd  
t h e  power spectrum of  t h e  s i g n a l  on photographic  f i l m  i n  t h e  t ransform p l ane  
o f  an o p t i c a l  p rocess ing  system. A p o s i t i v e  t ransparency  i s  made from t h i s  
first nega t ive  t ransparency  and i s  then  used as t h e  s i g n a l  i n  a s i m i l a r  pro- 
ce s s ing  system. The F o u r i e r  t ransform o f  t h e  power spectrum is e q u a l  t o  t h e  
a u t o c o r r e l a t i o n  Funct ion o f  t h e  o r i g i n a l  s i g n a l  and i s  measured i n  t h e  t r a n s -  
form p l ane  of  t h e  o p t i c a l  system. Some measurements made i n  t h i s  way a r e  
shown i n  Sec t ion  4 of  t h i s  r e p o r t .  
An a l t e r a n t e  method of  measuring t h e  a u t o c o r r e l a t i o n  func t ion  o f  a  
s p a t i a l  s jgnal .  i s  t o  use a  ho lographic  technique .  This  technique  can a l s o  
be used t o  measure t h e  c r o s s - c o r r e l a t i o n  and convolut ion of two d i f f e r e n t  
s p a t i a l  s i g n a l s  and has  t h e  p o t e n t i a l  o f  being adap tab l e  t o  r ea l - t ime  
measur~einents . A d e t a i  I  ed a n a l y s i s  of t h i s  technique t o g e t h e r  r r j  t h  ex- 
pe r imen ta l  r e s u l t s  is given i n  t h e  a t t ached  Technical Report iio. 70-2.  
The t h i r d  a m a  of propress  concerns t h e  dcvclopmcnt oT a  computer 
p'ogran t i i a t  w i l  L an tona t ic ; i l iy  p l o t  a  v a r i e r y  of  rando~r, pat tern: ma+ up 
of  do t s  and c i r c l e s .  l h i s  computer p,-ogrsin i s  dcsc17ibed i n  Sec t ion  3 of 
t h i s  r e p o r t  and a  number of d i f f e r e n t  rarldorn p j o t s  are  p ~ e s e n t e d .  'I'hese 
rando~i~  sprliidl s i ~ r i ~ i l s  drie  rlec orbcied oil 35 i i i r i r  i i  l r i  a122 C ~ L F  t'ricil used a s  tes  ,L 
s i g n a l s  i n  t h e  var ious  o p t i c a l  processing systems. The h a s i c  s t a t i s t i c a l  
d e s c l ~ i p t i o n  of  random s p a t i a l  s i g n a l s  i s  d i scussed  i n  t h e  iol lorr ing s e c t i o n .  
2 .  D i f f r a c t i o n  of Coherent Light by Random S p a t i a l  S igna ls  
.- 
Figure 3 shows coherent l i .ght  i n c i d e n t  from t h e  l e f t  on a  t ransparency  
of a random s p a t i a l  s i g n a l  which is loca t ed  i n  t h e  x-y p lane  and a c t s  as a 
d i f f r a c t i n g  sc reen .  If U(x,y) i s  t h e  complex amplitude of l i g h t  j u s t  t o  
'L 
t h e  l e f t  o f  t h e  sc reen  then  t h e  l i g h t  amplitude j u s t  t o  t h e  r i g h t  of t h e  
screen  is given by 
where 
j + ( x , ~  
g ( x , y >  = A(x,y)e ( 2 )  
'L 
i s  t h e  complex t r ansmi t t ance  of t h e  t ransparency .  The amplitude and phase 
of t h i s  t r ansmi t t ance ,  A(x,y) and $(x ,y)  a r e  considered t o  be two-dimen- 
s i o n a l  random func t ions  of t h e  coord ina tes  x  and y .  For convenience t h e  
p o s i t i o n  v e c t o r  r = 
x: + YXY can be in t roduced  s o  t h e  ( 2 )  can be w r i t t e n  
as 
The random func t ions  A ( r )  and $(r) a r e  cha rac t e r i zed  by t h e  one dimen- 
'L 'L 
s i o n a l  probabi l - i ty  d e n s i t i e s  p ( a ; r )  and p($ ;r) . Thus, f o r  exarnple , 
% % 
p ( a ; r ) d a  i s  t he  p r o b a b i l i t y  tliai a t  t he  p o s i t i o n  r ,  t h e  aniplitude A(r) 
% % % 
has a  value bet-\.reen a  ~ n i !  a  t da. These one di.men:;io~i;ll p r o b & i l . i t y  
d e n o i t i e s  can he used t o  f i n d  t h e  mean va lues ,  variances, and h igher  
momen-ts of t he  randon: func-Lions A ( r )  and m(r), k!o:.iever, t h e y  by no rne;ins 
g ive  a complete d e s c r i p t i o n  of t hese  random func t ions .  The most import- 
a n i  i ~ l i o r n ~ a L i o r ~  iii t h e  t ransparency  concerns t h e  spc i i ia l  iiisii3ibutior1 of 
t h e  p a r t i c u l a r  o b j e c t s  photographed ( c e l l s ,  n u c l e i ,  g r a i n  s t r u c t u r e ,  e t c ) .  
The s t a t i s - t i c a l  p r o p e r t i e s  of t h e s e  s p a t i a l  d i s b r i b u t i o n s  a r e  cha rac t e r -  
i z e d  by h ighe r  o r d e r  p r o b a b i l i t y  dens i ty  func t ions .  The most import a n t  
of  t h e s e  a r e  t h e  two-dimensional p r o b a b i l i t y  d e n s i t i e s  p(al,a2;zl,z2) 
and P ( $ ~ , $ ~ ; ~ ~ , ; C ~ ) .  Thus, f o r  example, p($l,$2,x13x2)d$ld$2 i s  t h e  
p r o b a b i l i t y  t h a t  at t h e  p o s i t i o n  t h e  phase m(c-1 has  a  va lue  between 1 
4, and $lid$ and at t h e  p o s i t i o n  x2 t h e  phase $ ( z 2 )  has  a  va lue  between 1 -- 
42 and $2 + d$2. 
These two-dimensional p r o b a b i l i t y  d e n s i t i e s  can be  used t o  c a l c u l a t e  
t h e  c o r r e l a t i o n  func t ions  B A ( r  ' ~ 1  ,r ~2) and B + ( Z ~ , ; F ~ ) .  Thus, f o r  example 
If t h e  t ransparency i s  a photomicrograph, a  p a r t i c u l a r  photomicrograph 
w i l l  r e p r e s e n t  a c e r t a i n  r e a l i z a t i o n  ,of t h e  random processes  A(r)  and 
'L 
. The ensemble a s s o c i a t e d  with t h e s e  random processes  might c o n s i s t  
o f  a  c o l l e c t i o n  of s i m i l a r  photomicrographs from d i f f e r e n t  specimens o r  
photomicrographs of d i f f e r e n t  r eg ions  of t h e  same specimen. The random 
processes  A($) and a r e  s a i d  t o  be stationa1.y i n  t h e  wider s ense  i f  
t h e  expected v a l u e s ( ~  a r e  independent of and t h e  cor-  k 
r e l a t i o n  func t ions  E ( p !  ~=iid E (0) depend only on t h e  coordinate  d i f -  
A % 4 \> 
f e r ence  p = r  - r . 
.\, %2 %I- 

The space average of a  given function A ( r )  i s  defined as 
where dx = dxdy. If t h e  ensemble average ( A )  i s  equal  t o  t h e  space 
average A(Z) the  process i s  s a i d  t o  be ergodic.  For a  s t a t i o n a r y  random 
process A(%), i f  t he  co r re la t ion  function BA(e) = (A(:) A(: + p 4 i s  
- 
'-b 
equal  t o  t h e  space cor re la t ion  funct ion  B ( p )  = A(%) A ( x  + p )  t he  process 
A '-b G 
i s  s a i d  t o  be ergodic  with r e spec t  t o  i t s  cor re la t ion  funct ion .  The 
o p t i c a l  methods f o r  measuring t h e  c o r r e l a t i o n  function general ly measure 
t h e  space cor re la t ion  funct ion .  An important considerat ion as w i l l  be  
i l l u s t r a t e d  below is  t h a t  t h e  d e t a i l  of t h e  photomicrograph be f i n e  
enough s o  t h a t  a  space average over the  e n t i r e  photomicrograph is  a  good 
approximation t o  t h e  ensemble average. 
An o p t i c a l  system such as  t h a t  shown i n  Fig. 4 can be used t o  pro-  
duce t h e  Fourier  transform of a  given s p a t i a l  s i g n a l .  Thus i f  g ( r )  i s  
'-b 
t h e  complex transmit tance of a  p a r t i c u l a r  transparency whose t o t a l  a rea  
is XY then t h e  complex l i g h t  amplitude i n  t h e  transform plane ( t h e  p-q 
plane of Fig. ' l - )  w i l l  be propor t ional  ( t o  within a  quadra t ic  phase 
f a c t o r )  t o  the  Fourier  transform of g(x,y), denoted by :Xy (fx,fY)> where 
2. 
f and f a re  t h e  s p a t i a l  frequencies i n  t h e  x  and y d i r e c t i o n s .  The 
X Y 
l i g h t  i n t e n s i t y  i n  t h e  transform plane w i l l  be propor t ional  t o  I$ 
I 
$ (f)@ (f) where f i s  used t o  denore the s p a t i a l  Creyuerlcy vector  $ = XY % %XY % % 
f u  + f % .  
x%x Y Y  

For tbe eoinplex random zignal g!r) (c?ssumcd to he ctatiol-iary) the 
% QJ 
a u t ~ c o r ~ e l a t i o n  funciior-1 B (e) i s  defined as 
g 
The power s p e c t r a l  dens i ty  S ( f )  of t h e  random process g ( r )  is def ined as  
g % % % 
t h e  two-dimensional Fourier  t ransform of t h e  autocorre la t ion  funct ion  
B ( p ) .  Thus 
g % 
One can show t h a t  S ( f )  is a l s o  r e l a t e d  t o  t h e  Four ier  transform of g ( r )  
% % % 
by t h e  expression 
(5) = l i m  (+ G (5) G': (9 
g %  %XY % 'LXY % 
X3m 
In t h e  case of the  o p t i c a l  experiment S (g) i s  seen t o  be propor t ional  t o  
g 
t he  l i m i t  of an ensemble average of t h e  i n t e n s i t y  measured i n  t h e  t r a n s -  
form plane .  This e f f e c t  w i l l  be shown i n  some experimental r e s u l t s  d i s -  
cussed below. 
The autocorre la t ion  function R (p )  i s  given from ( 7 )  by t h e  inverse  
g 'L 
r e l a t i  on 
S ( f )  can be recorded 011 photographic f i l m  i n  the  transform plane of 6'; . 
g''J 
This new s igna l  can be transformed o p t i c a l l y  t o  give t h e  autocorre la t ion  
function according t o  ( 9 ) .  Examples of  t h i s  type of measurement w i l l  be 
described below. Often t h e  photomicrograph w i l l  be charac ter ized  by only 
i t s  amplitude t ransmit tance  A(r) o r  by only i t s  phase transmit tance @ ( r ) .  
'L 'L 
In  genera l  it w i l l  be necessary t o  r e l a t e  t h e  s t a t i s t i c a l  p roper t i e s  of 
A(r) and @ ( r )  t o  the  measured s t a t i s t i c a l  p roper t i e s  of g ( r ) .  
'L 'L 'L 'L 
3 .  Computer Genera-tion of  Random Pa t t e rns  
In  order  t o  generate random s p a t i a l  p a t t e r n s  with a  known s t a t i s t i c a l  
d i sb r ibu t ion  a  computer program was developed t h a t  would automatical ly 
p l o t  a  v a r i e t y  of random p a t t e r n s  on an osc i l loscope o r  an x-y p l o t t e r .  
These p a t t e r n s  a r e  then photographically reduced and used as s i g n a l s  i n  
t h e  o p t i c a l  processing system. 
The program w i l l  generate from 1 t o  225 p a t t e r n s  e i t h e r  uniformly o r  
randomly spaced. The p a t t e r n s  may be: 
( a ) .  S ingle  spo t s  with random r o t a t i o n  about a  f i x e d  point  from 
O0 t o  360°. 
(b) . Same as above with random dis tance  from f ixed  po in t .  
( c ) .  Double spo t s  with random or ien ta t ion .  
(d ) .  Double s p o t s  with random o r i e n t a t i o n  and random rad ius .  
( e ) .  C i rc les  alone. 
( f ) .  C i rc les  around any of the  above p a t t e r n s .  
(g). Any of the  random pa t t e rns  may be overlapped o r  not overlapped 
(h ) .  Civcle and spot  s i z e s  ntay be vd r i ed  ~~drldoinly f o r  ally 01 t h e  
above c o ~ i i ~ i ~ i a - i i o l ~ s .  
The progr0ain c o ~ l s i s  is 01 a nrainl-ine a i d  six subrou t incs ;  I'TLOC, ESPOT , 
CIRCL, OVLAP, RANC,  RANS, 
( 1 ) .  PTLOC (IRAN, NCALL, X H 1 ,  Y H 1 ,  XH2, YH2, IRAD). 
I R A N  - In tege r  from 1 t o  32767 used as  a  seed f o r  t h e  random number 
generator .  
NCALL - In tege r  which should equal  1 t h e  f i r s t  time PTLOC i s  c a l l e d ;  any 
o t h e r  number f o r  f u r t h e r  c a l l s .  
X H 1 ,  YML and XH2, YE2 - Coordinates o f  two po in t s  with random r o t a t i o n .  
IRAD - If 1, s p o t s  have random rad ius .  
If 2 ,  s p o t s  have f ixed  rad ius .  
This subroutine assumes a coordinate a x i s  centered a t  (0,O) and gener- 
a t e s  t h e  x and y coordinates of two spo t s  loca ted  symmetrically with r e s -  
pec t  t o  t h e  o r i g i n .  The l i n e  of centers  between t h e  two spots  has a  
random o r i e n t a t i o n  which is uniformly d i s t r i b u t e d  between 0 and 2n. The 
d is tance  between t h e  two spo t s  may a l s o  be va r i ed  randomly with a uniform 
d i s t r i b u t i o n  between two a r b i t r a r y  d is tances .  
(2 ) .  DSPOT (X,Y) 
X - x coordinate of spot  cen te r  
Y - y coordinate of spot  center .  
This subroutine w i l l  draw and f i l l  i n  a  1 / 8  inch c i r c l e  on an x-y 
p l o t t e r  centered about t h e  point  x,y. This i s  done by i n i t i a l l y  p l o t t i n g  
t h e  1/8 inch c i r c l e ,  and then p l o t t i n g  smal ler  concentr ic  c i r c l e s  t o  f i l l  
i n  the  spo t .  C i rc les  are  drawn using Lissajous f igures  and i ts  circum- 
ference i s  divided jn to  25 po in t s .  
( 3 ) .  CIRCL ( X , Y )  
X - x coordinate of c i r c l e  c e n i ~ ~ .  
Y - y coordinate oT circ! e  ccritcr,  
This subrout ine  i s  s i m i l a r  t o  DSPOT but  drags a c i r c l e  0 . 6  inches  i n  
diameter and does no t  f i l l  it i n .  This  cia)clc is a l s o  drd:.in us:-ng L i s -  
s a j o u ~  f i g u r e s  a n d  i t s  circumference i s  d iv ided  i n t o  1 2 5  p o i n t s .  
4 MAINLINE , 
The mainl ine program handles  t h e  genera t ion  of t h e  p a t t e r n  l o c a t i o n s  
and c a i l s  t h e  app ropr i a t e  subrout ines  depending on t h e  d a t a  switch con- 
f i g u r a t i  on. 
The program i s  broken i n t o  two p a r t s  . One genera tes  a uniform p a t t e r n  
d i s t r i b u t i o n  drawing s p o t s  and c i r c l e s  as d e s i r e d ,  t h e  o t h e r  genera tes  a 
random p a t t e r n  d i s t r i b u t i o n  a l s o  wi th  s p o t s  and c i r c l e s .  A l l  o f  t h e s e  
op t ions  a r e  s e l e c t e d  by d a t a  swi tches .  The d a t a  switch subrout ine  CALL 
DATSW (No., IVAL) r e a d s  t h e  d a t a  switch number and r e t u r n s  I V A L  = 2 i f  off  
and I V A L  = 1 if on. Executable GO TO s ta tements  make t h e  l o g i c a l  dec i -  
s i o n s  based on t h e  d a t a  switches.  
For a  uniform p a t t e r n  t h e  number of rows and t h e  number of columns 
d e s i r e d  is en te red  v i a  t h e  typewr i t e r .  These w i l l  be  spaced equa l ly  i n  
both t h e  x and y d i r e c t i o n s .  For t h e  random p a t t e r n ,  t h e  number of 
p a t t e r n s  only i s  en te red .  
( 5 ) .  OVLAP (x,Y,IGO,K) 
X - x coord ina te  of p a t t e r n  cen te r .  
Y - y coord ina te  of p a t t e r n  cen te r .  
I G O  - is  1 if  p a t t e r n  over laps  previous one, and i s  2 i f  no over lap  occurs .  
K - is s e t  equal  t o  1 i f  overlap i s  d e s i r e d ,  and i s  s e t  equal  t o  2 i f  no 
overlap i s  d e s i r e d .  
This  sobrout ine  s t o r e s  a l l  of t h e  p s t t e r n c  p l o t t e d  in the rando~n mocie 
and a s  a neir pattern i s  t o  be p l o t t e d ,  co~~lputes  i t s  d i s t a n c e  Fror,i a l l  of 
10 
the pn-evious ones to dete~riniine if overl-ap will occur, ar:d sets I G O  equal. 
t o  1 o r  2 if l< is 2, If K is 1 ,  1G0 is always 2 and overlap is allowed. 
( 6 ) .  RAIlC ,RAIJS 
These a r e  func t ion  sub rou t ines  which gene ra t e  random cir lc le  and s p o t  
r a d i i  and t h e s e  va lues  a r e  p laced  i n  common and used by a l l  t h e  sub rou t ine .  
The sub rou t ines  a s  w r i t t e n  f o r  use on an IBM 1130 a r e  conta ined  i n  
Appendix 1. A nunher of  d i f f e r e n t  p a t t e r n s  produced by t h e s e  programs 
a r e  p re sen t ed  i n  F igs .  5 - 1 2 .  
/ /  JOB Y 
/ /  FOR 
-%O/\!E WO!?D Sf41 FGF[?S 
?:-LIST ALL- 
FUNCT SON RANS ! K 7  9 I RAN s /\!CALF. ) 
GO T O  ( 5 5 1 0 1 o K 4  
'5 I F  !NCAL.L*a'L 1 7 96 $7' 
6 I X - I R / \ l ? + Z O  
4 CALL R A N D U ( f X e % Y * T F L )  
l e -  l v 
RANS=oOh25. ! : -TFL+e06%5 
RETURN 
10 R A N S - 8 0 6 2 5  
RETl IRN 
EHD 
/ /  C>UP 
+lSTORF WS UA R A N 5  
/ /  F3R 
4tONE N O K D  J NTEGERS 
* L I S T  ALL. 
FUNCT %ON R A N C  (Kt3  o l R A N  eNCA1-L ) 
GO ( 5 9 1 0 ) 9 K 6  
5 1FtNCAL.L- l )  7 c G u 7  
6 1 X.a l R A N G 8  
7 C A L L  RANDU(  IX  s I Y  cYFL 
I X z I Y  
R A ~ < C Z  e I ++YFL-+  e 2 
R E  TURN 
10  RANC:=u 3 
R E  'I'UIIN 
E R L j  
/ /  DUP 
*5ro::c 







Fig* 5 Per.ioclic rirr7ay of circle? 
w i  ih t i l o  dots or3ienied rar ldo~nl  jr 
within the c i ~ ~ c l e .  
rig. 6 Periodi  c a1'J3c?y of c i ~ c l  c,s
t r i t h  s jn,n,le dot I ocated randon~nly 
on circu~nferenc-c of c j  i-xcle. 

Fig. 8 P.anclor,i alXra;i of non-- 
overlappine c i rc les .  
Fig, 9 Randow arr i iy  of s i n g l  c 
over1 apping clots. 
. 1 Karicloii~ arz-ay of non- 
over]-appi~lg dots of randoin 
size. 
fig. I1 Dots are 1 ocatcd ran- 
domly within a periodic array 
of circ7es t ha t  are not dra~rn. 
Fig. 32 Randor17 a r m y  of tiara- dot  
na t t e sns .  Jn  each two- d o t  pa t - -  
tern the r l i s t t ince  het:ri-en the 
d o t s  i s  c o n s t a n t  and t h c  o r j c n -  
t a t ion  of t h e  two do t s  is rnndor~q 
4 Power Spectrum and Autocorre la t ion  7~jeasuremen ts 
-- -- - --  - - - - -- -- -- 
In  this s e c t i o n  a nuriitier of t h e o r e t i c a l  and experimental ly  measured 
power s p e c t r a  and au toco r re l a t ion  func t ions  of var ious  rzndom s p a t i  a 1  
p a t t e r n s  a r e  presented .  A l l  of t h e  p a t t e r n s  a r e  made up of c i r c u l a r  do t s  
o r  c i p c u l a r  r i n g s  o r  combinations of bo th .  I n  Sec t ion  4 . 1  t h e  power spec- 
trum and au toco r re l a t ion  func t ion  of  a s i n g l e  c i r c u l a r  dot  and a  s i n g l e  
c i r c u l a r  r i n g  w i  11 be  considered . 
4 . 1  C i r c u l a r  d o t s  and r i n g s  
-
When photographica l ly  reproduced a c i r c u l a r  do t  becomes a  c i r c u l a r  
ape r tu re  i n  a d i f f r a c t i n g  screen .  Such a  c i r c u l a r  ape r tu re  can be w r i t -  
t e n  a s  c i r c ( r )  where 
The two-dimensional Four ie r  t ransform of  c i r c ( r )  is  w e l l  known C21 and is 
J (2nf ) / f  where J1 i s  a Besse l  func t ion  of  t h e  first k ind ,  o r d e r  one, 1 
2 
and f = ( f x  ti 2)1'2 where f and f a r e  t h e  s p a t i a l  f requencies  i n  t h e  
Y X Y 
x and y  d i r e c t i o n s .  One can t h e r e f o r e  w r i t e  t h e  Four ie r  t ransform p a i r  
Using t h e  s c a l i n g  theorem one can w r i t e  t h e  Four i e r  t ransform of a  c i r cu -  
l a r  ape r tu re  of  r a d i u s  R .  Thus, 
The E'ourliell rransforni in ( 3 7 )  w i l l  be designated as  G ( f ) .  Thus, t h e  R - 
power spect rum cf a circrrlar aper t~ l re  o f  r a d i u s  R is given by 
2 A t h e o r e t i c a l  p l o t  of C2J1(2ir~f)/2nRf] vs .  2Rf is shown i n  Fig. 13. For 
-experimental comparison, t h e  l i g h t  d i f f r a c t e d  by a c i r c u l a r  ape r tu re  was 
scanned i n  t h e  t ransform plane  by a pho tomul t ip l i e r  tube  behind a 1 0 ~  
pinhole .  The r e s u l t  is shown i n  Fig. 14 .  
An ape r tu re  i n  t h e  form of a c i r c u l a r  r i n g  can be w r i t t e n  a s  
r i n g  ( r )  and def ined  as 
a 
1 a < r < l  
r i n g a ( r )  = -- - 
0 otherwise 
Thus, 
and t h e  Four i e r  t ransform of  r i n g a ( r )  can be w r i t t e n  as 
I f  t h e  o u t e r  radi-us of  t h e  r i n g  i s  A ,  then  
The Four ie r  t ransform i n  Eq .  (17)  w i l l  be des igna ted  as G a  A ( f ) .  Thus, 
t h e  power spectrum of  a c i rcu l -a r  r i n g  of o u t e r  r a d i u s  A and whose 
r a - t i o  of inner t o  o u t e r  diameter  i s  a i s  given by 

j Fig * 1'1 p i i O t c g ~ i l p ) ~  ax;~~ PIIC.,I:O-. I f 
1 nlul.-ij.plicp scan  of j;oi;Tt:r Spec- \ trum of c i r c  (r) . 
I I 
i I 
2 2 P l o t s  of G / IT vs. 2Af fo r  di iLei leai  val~les  of a al-c 
shown i n  Figs .  15-19. A photomul t ip l ier  scan of  t h e  ligir~t d i f f r a c t e d  i n  
t h e  .transform plane by a c i r c u l a r  r i n g  with a value of a  = .96 i s  
shown i n  Fig. 20. 
The two-dimensional autocorre la t ion  funct ion  @ g g ( ~ , y )  of a  r e a l  
funct ion  g(x,y)  i s  defined by t h e  i n t e g r a l  
If g(x,y)  represents  an aper ture  -- i . e .  has a  value of one i n s i d e  
t he  aper ture  and a value of zero outs ide  t h e  ape r tu re ,  then ( 1 9 )  
represents  t h e  a r e a  of overlap as g(xlyyl) i s  s l i d  across i t s e l f .  
The au tocor re la t ion  funct ion  f o r  c i r c ( r /R)  can the re fo re  be 
ca lcu la ted  from Fig. 21. The a r e a  of overlap i n  Fig. 21a is four  
1 
t imes t h e  a r e a  of B i n  Fig. 21b. I t  fol lows tha-t t h e  a u t o ~ o r ~ e l -  
a t i o n  funct ion  +RR(~) of c i r c ( r / R )  w i l l  be c i r c u l a r l y  symmetric 
and can be w r i t t e n  i n  t h e  x-di rec t ion  as  
Frorn F ig .  21 8 = cos- ' (x/2~).  If the  function F ( S )  i s  defined 
L. 
then from (20) BRR(x) can h e  wr i t t en  as 






F i g .  2 1  
A p l o t  of F(S) vs. S is shown i n  Fig.  22. A pho to~nu l t ip l i e r  scan 
of t h e  autocorre la t ion  of a  c i r c u l a r  ape r tu re ,  found by measuring 
t h e  Fourier  transform of t h e  power spectrum, i s  shown i n  Fig. 23. 
Discrepancies a r e  due t o  nonlinear  e f f e c t s  i n  t h e  two-step photo- 
graphic  process and phase v a r i a t i o n s  across the  transparency.  
I n  order  t o  c a l c u l a t e  t h e  autocorre la t ion  funct ion  of a  c i r c u l a r  
r i n g  it i s  necessmy t o  f i n d  t h e  area  of overlap a s  t h e  r i n g  is s l i d  
across  i t s e l f .  To f i n d  t h e  autocorre la t ion  funct ion  (x)  of 
00 
r i n g  (r) given by (15) note from (15) and (19) t h a t  
a 
where 
i s  t h e  autocorre la t ion  funct ion  of c i r c ( r )  and 
i s  t h e  autocorre la t ion  funct ion  of c i r c ( r / a ) .  Bal(x) is t h e  
cross-corre la t ion  of c i r c ( r )  and c i r c ( r / a )  and can be found 
with t h e  a i d  of Figs.  24 and 25. 
In  t h e  range 0 - < x - < (1-a) the  area  of overlap of c i r c ( r )  
L 
and c i r c ( r / a )  i s  just t h e  a r e a  of c i r c ( r / a )  or va . The 
- - J --T- a r e a  of overlap in the range (I-a) < x < 1 - a can be 
fouild fvnoiii Fi g. 211 to be given bjr 


F i g .  24 
F i g .  25 
where 
The a rea  of overlap i n  t h e  range - x - < ((It) can be 
found from Fig.  25 t o  be given by 
where 
Therefore, from ( 2 3 )  - ( 3 0 )  t he  autocorre la t ion  function of 
r i n g  ( r )  can be wr i t t en  as 
a 
where V ,  w, and u a r e  given by (27), (28) and ( 3 0 ) .  P l o t s  of $oo(x) 
f o r  d i f f e r e n t  va lues  of  a  a r e  shown i n  F igs ,  26-30. A pho tomul t ip l i e r  
scan o f  t h e  a u t o c o r r e l a t i o n  of a c i r c u l a r  r i n g  wi th  a  = .96 i s  shown 
i n  Fig. 31- 
4.2 Random Two-hole P a t t e r n  
A s  an example of a random d i f f r a c t i n g  s c r e e n , l e t  t h e  s i g n a l  i n  t h e  
i n p u t  p lane  be  two c i r c u l a r  h o l e s  of r a d i u s  R s epa ra t ed  by a d i s t a n c e  
d wi th  t h e  l i n e  of  c e n t e r s  o r i en t ed  a t  an angle  8 t o  t h e  x-axis  a s  
shown i n  Figure 32 .  Let 0 b e  a  random v a r i a b l e  wi th  a uniform proba- 
b i l i t y  dens i ty .  A c i r c u l a r  ape r tu re  centered  a t  t h e  o r i g i n  can be 
denoted by 
The Four ie r  t ransform of go($) i s  
where f = \- and J1 is a Besse l  func t ion  of  t h e  f i r s t  
0 X Y 
k ind ,  o rde r  one. The two ho le  s i g n a l  i n  Figure 32 can then  be 
w r i t t e n  a s  
The Four ie r  t ransform of  ( 3 4 )  i s  
1 J. Making t h e  s u b s t i t u t i o n s  r1 = r - - d and K~ = + - - d  
2'0 2 2' co  2 2, 



r-i 
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\ { Fig. 31 I'hirot~grijii~ and jiholo- i I ~ n u l t i l i l i e i -  scrzll of the auto-- r / corrcl.ation of  rili~, ( 17 ) .  I 
I a.0.96 1 

E q .  (35) can be vrritten i n  the  form 
--j2nf - r  
% %O G({) = e 2 G ( f )  cos~r$*$ 
0 % 
The i n t e n s i t y  i n  the  transform plane w i l l  then be propor t ional  t o  
G({)G"({) where 
Figure 33 shows the  transform patter11 of a  two-hole aper ture  
which c lose ly  follows Eq.  (37).  Note t h a t  t h e  cosine modulation of 
t h e  envelope is  r e l a t e d  t o  t h e  separa t ion  d i s t ance  d . 
To obta in  t h e  power spectrum of t h e  random process an ensemble 
average over a l l  o r i en ta t ions  of t h e  two hole  s i g n a l  i s  required.  
From (37) one can c a l c u l a t e  
-I 
where f e d  = f d cos(6-$1 has been used and + = t a n  (f /f ). 
% % 0 Y x 
From (38) one notes t h a t  t h e  power spectrum is  propor t ional  t o  t h e  
s i n g l e  hole  transform given by (33) which i s  modulated by a J 
0 
Bessel  funct ion  term t h a t  con*ains information about the  separa t ion  
d is tance  d . A p l o t  of (38) f o r  t h e  case d = 6 R  i s  shown i n  
Fig. 34. 
An ar ray  of these  two-hole randorn p a ~ t e r n s  as p lo t l ed  on 311 
oscil-l.osc@pe by ?tie computer progrtrn desc;oii,eii ill Sect ion 3 is shotl.n j.n 
F2.p. 35, The po:.:er spcctrum of t h i s  pa t t e rn  as measured in t he  
Fig.  33 Photogz??ph ancl pho to -  \ 
m u l t i p l i e r  scan of thc Lrans- ! 
form pat tern?  of a Lr:o-hole 
i 
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t ransform plane i s  shown i n  Fig.  3 6 .  This p a t t e r n  i s  a  c e r t a i n  r ep re -  
s e n t a t i o n  of t h e  random procccs G!f!~cc(,f) . An ensemble average of a l l  
I, 
such r e p r e s e n t a t i o n s  should y i e l d  t h e  power s p e c t r a l  d e n s i t y  func t ion  
s i m i l a r  t o  t h a t  shown i n  Fig. 34. The envelope functi-on G ' ( f )  con- 
0 
t a i n i n g  information about t h e  ho le  r a d i u s  R is apparent  i n  t h e  s i n g l e  
r e p r e s e n t a t i o n  of Fig.  36. The Jo Bessel  func t ion  modulation i n  (38)  
should  cause l i g h t  d i f f r a c t e d  by a s i g n a l  p ropor t iona l  t o  F ig .  36, to 
form a c i r c l e  i n  t h e  t ransform plane  p ropor t iona l  t o  d  . The auto-  
c o r r e l a t i o n  func t ion  o f  t h e  two-hole random p a t t e r n  obta ined  by measuring 
t h e  Four ie r  t ransform of  t h e  potrer spectrum is  shown i n  F ig .  37- A 
c i r c u l a r  r i n g  can be  seen surrounding t h e  c e n t r a l  peak and is pro- 
p o r t i o n a l  t o  t h e  d i s t a n c e  d  s e p a r a t i n g  t h e  two h o l e s  of each random 
p a t t e r n .  One would expect  t h i s  type  of r i n g  s i n c e  i f  t h e  o r i g i n a l  
random p a t t e r n  were s h i f t e d  a  d i s t a n c e  d  i n  any d i r e c t i o n  t h e r e  
should  be an equa l  p r o b a b i l i t y  t h a t  two of t h e  p a i r e d  h o l e s  w i l l  ove r l ap .  
A second au toco r re l a t ion  measurement u s ing  t h e  holographic  technique 
desc r ibed  i n  Technical  Report No. 70-2 was made of  t h i s  random p a t t e r n  
and t h e  r e s u l t  is shown i n  F i g . 3 8 .  Again t h e  c i r c u l a r  r i n g  surrounding 
t h e  c e n t r a l  peak i s  ev iden t .  The o u t e r  r i n g s  and p e r i o d i c  appearance of  
F i g s . 3 7  and 38a redue  t o  t h e  f a c t  t h a t  t h e  two-hole p a t t e r n s  i n  F i g . 3 5  
were arranged i n  a  p e r i o d i c  a r r a y .  This  is no t  apparent  i n  F ig .  35 b u t  
r e v e a l s  i t s e l f  i n  t h e  a u t o c o r r e l a t i o n  measurement. 
Power specti-urn and a u t o c o r r e l a t i o n  measurements can be useful i n  
c h a r a c t e r i z i n g  randorll s p a t i  a1 s i  gn;ils and recogniz ing  va r ious  s t a t i s t i c a l  
paramctcrs .  Improved teeliriiqiies are being developed t h a t  i , r ; l l  a?iodi 
enserrtble averages t o  he made. 
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APPENDIX 2 
NOMOGRAPHS FOR 
HOLOGRAPHIC I M A G I N G  
Richard E .  Haske l l  
Coherent  Opt ics  Laboratory 
Technical- Report  No. 70-1, May 1970 
T h i s  work was suppor ted  i n  p a r t  
by NASA under Grant NGR 23-054-003 
School of Engineering 
Oakland Uni-vers i  t.y 
Rocl?est.er, M i  c h i  gan 48063 
The h o l o g r a p h i c  imaging of  p o i n t  s o u r c e s  can  b e  de- 
s c r i b e d  u s i n g  t h e  geometry of  F i g .  1. An o b j e c t  beam i n  t h e  
form o f  a  s p h e r i c a l  wave o r i g i n a t e s  from a  p o i n t  s o u r c e  a t  0 .  
N e g l e c t i n g  c o n s t a n t  pha.se f a c t o r s ,  t h e  complex a m p l i t u d e  o f  
t h i s  wave a t  t h e  z = 0 p l a n e  can  b e  w r i t t e n  a s  U = K e j k r o  
-0 0 
where K = Ao/ro .  S i m i l a r l y  t h e  r e f e r e n c e  beam o r i g i n a t i n g  
0 
from a  p o i n t  s o u r c e  a t  R can  b e  w r i t t e n  a s  U = K ejkrr .  I f  
- r r 
a p h o t o g r a p h i c  f i l m  i s  p l a c e d  i n  t h e  p l a n e  z = 0 t h e  i n t e n s i t y  
r e c o r d e d  by t h e  f i l m  i s  p r o p o r t i o n a l  t o  
Iu + U l 2  = u u* + u u *  + u u* + u*u 
,o ,r -0-0 -r-r -0-r -0-r 
Assuming t h a t  t h e  a m p l i t u d e  t r a n s m i t t a n c e  o f  t h e  r e s u l t i n g  
hologram i s  p r o p o r t i o n a l  t o  t h i s  i n t e n s i t y  f u n c t i o n  and i f  t h e  
r e c o n s t r u c t i o n  beam i n  F i g .  l h  i s  o f  t h e  form Uc = K ejkrc 
C 
t h e n  t h e  wave t r a n s m i t t e d  by t h e  hologram l o c a t e d  i n  t h e  z = 0 
p l a n e  o f  F i g .  l b  w i l l  b e  p r o p o r t i o n a l  t o  
The f i r s t  two terms on t h e  r i g h t - h a n d  s i d e  o f  ( 2 )  a r e  
d-c te rms r e p r e s e n t i n g  t h e  main z e r o - o r d e r  d i f f r a c t e d  recon-  
s t r u c t i o n  beam. The t h i r d  t e r m  U - U U U A  i s  t h e  pr imary  
-+ -c -0 -r 
beam and  t h e  f o u r t h  term U = U UW is the conjugate beam, 
- 
- 
-C -0 -I- 
Fig, 1 
a) R e c o r d i n y  and 
b) Reconstruction geometry 
fo r  p o i n t  source holo-- 
graphic isnacfj.ncj 
where 
Thus t h e  primary and con juga te  beams U, are spherical waves 
d i v e r g i n g  from or converging t o  a p o i n t  s p e c i f i e d  by image 
c o o r d i n a t e s  that can be determined from (4). 
From Fig, La n o t e  that 
2 2 
where R~~ = xo + zo . Expanding (5) in a binorninal s e r i e s  
about Ro one can approximate r by the expressi.on 
0 
r 0  R f  
0 
- x sin a 
0 
where s i n  a = x ~ / R ~ .  Analogous exp res s ions  can  be w r i t t e n  
0 
f o r  rr, r and r 
c P  i n  If t b i - s  is done t h e n  by usiaay ( 3 )  and ( 4 )  
o n e  can write 
2 ,  2 jkR.  j k  Lrx- -jlcx s i n  0:  
L 2R U = = K e  
u I P e i e 
jk [Rck (Ro-Rr) ] jk *L [ L k  (h- - I] 
= K K K  e e 
C O T  
Rc 
- j k x [ s i n  ac k ( s i n  a - s i n  a r ) ]  
0 
F o r t h i s  equation t o  be  t r u e  for a l l  x it i s  neces sa ry  t h a t  
and 
s i n  a = s i n  a + ( s i n  a. - s i n  a x )  i c - ( 9 )  
Eqs. ( 8 )  and ( 9 )  have been o b t a i n e d  by champagne1 and 
g i v e  t h e  image c o o r d i n a t e s  Ri ,  a. i n  terms of t h e  coorcl inates  
1 
R, a for t h e  o b j e c t ,  r e f e r e n c e ,  and r e c o n s t r u c t i o n  beams. If 
R .  i s  p o s i t i v e  t h e  image i s  v i r t u a l  w h i l e  i f  R i s  n e g a t i v e  
1 i 
t h e  image i s  r e a l .  The p l u s  s i g n  i s  a s s o c i a t e d  with t h e  p r i -  
mary wave and t h e  minus s i g n  w i t h  t h e  conjugake wave. 
11, CONSTRUCTEOlg AND USE OP IIOLOGRWPII]:C N o M ~ G I ~ $ ~ ~ E J ~  
E q s ,  ( 8 )  and ( 9 )  persnit a t~idlc range of possible irnage 
p o i n t  loca t ions  depending upon the particular choices of 
Ro, R r ,  Rcr a a and ac. A s  an a i d  i n  determining image 
0' r '  
p o i n t  Locat ions ,  two nomographs of Eqs. ( 8 )  and ( 9 )  have been 
c o n s t r u c t e d .  Para l le l . - sca le  nomogxaphs can e a s i l y  be con- 
s t r u c t e d  fo r  an  equa t ion  of  t h e  f o r m  2 
By i n t r o d u c i n g  t h e  two a u x i l i a r y  variables Rf  and a de- f 
f i n e d  by t h e  equa t ions  
and 
s i n  a = s i n  a - s i n  a f o r 
E q s .  ( 8 )  and ( 9 )  may be w r i t t e n  i n  t h e  form 
and 
sin a. = s i n  a + sin a 
1 g: - f 
E q s .  (11) - { a d )  are ea.cE~ of t h e  forrti of E ~ l e  (10) 
and can therefore be ~ ~ l ~ e d  by a parallel-scale noms- 
graph.  T h e  R-nomograph shown i n  F i g .  2 can b e  used 
t o  s o l v e  bo th  Eq.  (11) f o r  Rf  and E q .  (13) f o r  Ri. 
S i m i l a r l y ,  t h e  a-nomograph shown i n  F ig .  3 can  be 
used t o  s o l v e  bo th  Eq. ( 1 2 )  f o r  a f  and Eq.  ( 1 4 )  f o r  ai. 
The R-nomograph f o r  determing Ri i s  used i n  t h e  fol low- 
i n g  manner, A s t r a i g h t  l i n e  i s  drawn between R on t h e  
0 
l e f t -hand  a x i s  and R on t h e  wight hand a x i s .  The i n t e r -  
r 
s e c t i o n  of t h i s . l i n e  wi th  t h e  Rf a x i s  determines  a  p a r t i -  
c u l a r  va lue  of R f' I f  a  second s t r a i g h t  l i n e  i s  now draF1n 
from t h i s  v a l u e  of R t o  Rc on t h e  l e f t -hand  a x i s  t h e  f 
i n t e r s e c t i o n  of t h i s  second l i n e  w i t h  t h e  Ri a x i s  d e t e r -  
mines t h e  i ~ n a g e  d i s t a n c e  R f o r  t h e  primary wave. The i 
va lue  of Ri f o r  t h e  conjuga te  wave i s  determined by 
connec t ing  t h e  second s t r a i g h t  l i n e  from -Rf t o  Rc. The 
a-nomograph shown i n  F ig .  3 works i n  an  e x a c t l y  analogous man- 
ne r .  This  procedure  w i l l  b e  i l l u s t r a t e d  by two examples, 
: Let  t h e  o b j e c t  be  a  p o i n t  sou rce  l o c a t e d  a t  
Ro = 1 5  ( u n i t s  a r b i t r a r y ) ,  a .  = O 0  and l e t  t h e  r e f e r e n c e  
0 
beam come from a  p o i n t  sou rce  l o c a t e d  a t  Rr = 6 0 ,  a = 20°. 
r 
Le t  t h e  r e c o n s t r u c t i o n  beam be t h e  same a s  t h e  r e f e r e n c e  
beam, i . e . ,  Rc = 6 0 ,  a = 20'. On t h e  R-nomograph i n  C 
F i g .  4 t h e  straight l i n e  j o i n i n g  R = 15 a n d  Rr = 60 
0 
gives  a va3 u e  of  W = 20- TO f i n d  the pri1ilar-y wa.ve draw f 
a s t r a i g h t  line from R = 20 t o  Rc = 6 0  which gives the f 
image distance R = 15, To f i n d  t l - ? ~  angLc a, f o r  thc i b 
pr imary  wave draw a  stusight line in P i g ,  5 from a = O 0  
0 
t o  ar = 20". A s t r a i g h t  l i n e  drakin from af = -20° t o  
a = 20° determines  t h a t  u j  = O 0  f o r  t h e  prirnary wave. 
C 
That is ,  t h e  primary image is a  v i r t u a l  p o i n t  sou rce  
l o c a t e d  a t  Ri = 15,  ui = 0° which is t h e  same as t h e  
o b j e c t  a s  expected.  To f i n d  t h e  con juga te  image r e t u r n  
- t o  Fig .  4 and draw a s t r a i g h t  l i n e  from -Rf ( i . e . ,  Rf - 
-20) t o  Rc = 60 which g ives  a v a l u e  of  Ri = -30. I n  
F ig .  5  a s t r a i - g h t  l i n e  from -.af ( a f  = +20°) t o  ac = 20° 
shows t h a t  f o r  t h e  con juga te  wave a = 43'. Thus, t h e  i 
con juga te  image i s  a r e a l  image l o c a t e d  a t  Ri = -30, 
a = 43O. i 
: In Exainple 1 t h e  primary image was a  v i r t u a l  
image and t h e  conjuga te  image was a r e a l  image. A s  an  
example o f  a  c a s e  i n  which t h e  primary image i s  r e a l  and  
t h e  con juga te  image i s  v i r t u a l  l e t  Ro = 100, a0 = O o r  
Rr = 20, ar = -15O. Rc = 50, and ac = -15O. Then from 
F igs .  6 and 9 t h e  primary image i s  a  r e a l  image l o c a t e d  
a t  Ri = -50, ai  = O 0  and t h e  con juga te  j-mage i s  a  v i r t u a l  
image l o c a t e d  a t  Ri = 16.6. ai = -310.  
Sample cop ie s  of  t h e  two nornographs a r e  included. a t  
the end of this r e p o r t .  
I , E . B ,  Champagne, J. O p t ,  Soc, A m , ,  - 5 7 ,  51., ( 1 9 6 * / ) .  
2 ,  J , E ,  Gibson, I n t r o d u c t i o n  to Enq inee r i l ag  Desi qn 
-,__------p ,------ ---_ ----a- -' 
pp. 50--55,  H o l t ,  RkneharL alld wins to^^, Irlc. , Nevi 
York,  1 9 6 8 .  
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Fig. 5 
S o l u t i o n  f o ~ :  Zxample I .  
Units are degrees. 
F i g -  6 
S o l u t i o n  f o r  Ex.a.mple 2. 
Fiy* 7 
So lu t j - an  f o r  Example  2 ,  
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IIOLOGFAPIIIC: GORREI~A7YQN -- THEORY AND FXPERTMFYTS 
O p t i c a l  data p r o c e s s i n g  and s p a t i a l  f i l t e r i n g  t e c h n i q u e s  
havc been used i n  a  v a r i e t y  o f  app l i - ca t ions . '  An h i s t o r i - c a l  re-- 
view o f  s p a t i a l  f i l t e r i . n g  and o p t i c a l  i n f o r m a t i o n  p r o c e s s i n g  h a s  
been g i v e n  by G ~ o d r n a n . ~  Vander l,ugt3 h a s  shown how complex s p a t i a l  
f i l t e r s  c a n  be made h o l o g r a p h i c a l l y .  When a Vander Lu.gt f i l t e r  
is  used  t h e  c r o s s - c o r r e l a t i o n  ( o r  a u t o c o r r e l a t i o n )  i s  d i s p l a y e d  
i n  one r c y i o n  of  t h e  o u t p u t  p l a n e  and t h e  c o n v o l u t i o n  i s  d i s p l a y e d  
i n  a n o t h e r  r e g i o n  o f  t h e  o u t p u t  p l a n e .  
~ o s t  of t h e  a p p l i c a t i o n s  o f  t h e  Vander Lug t  f i l t e r  h a v c  i n v o l -  
ved i d e n t i f i c a t i o n  sys tems .  For  example, a  f i l t e r  of a f i n g e r p r i n t  
i s  made and when used  i n  t h e  o p t i c a l  p r o c e s s i n g  sys tem w i l l  p roduce  
a n  a u t o c o r r e l a t i o n  s i g n a l  i n  t h e  o u t p u t  p l a n e  when "matched" w i t h  
thc same f i n g e r p r i n t .  S i n c e  t h e  a u t o c o x r e l a t i - o n  s i g n a l  i s  much 
s t r o n g e r  t h a n  any c r o s s - c o r r e l a t i o n  s i g n a l  t h e  sys tem c a n  i d e n t i f y  
a g i v e n  f i n g e r p r i n t .  T h i s  a p p l i c a t i o n  i s  t y p i c a l  o f  t h e  b i n a r y  
n d t u r e  o f  t h e s e  t y p e s  o f  i d e n t i f i c a t i o n  sys tems .  Tha t  i s ,  o n e  
s imply  wants  t o  know i f  a n  unknown s i g n a l  i s  a  s p e c i f i c  one  o r  n o t .  
I n  t h i s  r e p o r t  t h e  e x t e n t  t o  which a c t u a l  measurements o f  t h e  
e n t i r e  c r o s s - c o r r e l a t i o n  ( o r  a u t o c o r r e l a t i o n )  and c o n v o l u t i o n  p a t -  
t e r n s  c a n  b e  made i s  examined. Such measurements may p r o v e  u s e f u l  
i n  h e l p i n g  t o  r e c o g n i z e  unknown s p a t i a l  p a t t e r n s .  
Thc t e c h n i q u e  consists e s s e n t i a l l y  o f  making a Mander Lucjt 
filter. A sche~natic of the optical system used f o r  the experi- 
m e n t s  descj-ibcd be lcw i s  slzo~wn in F i g u r e  1. A detailed ana1.ysi.s 
of this system i s  g i v e n  in the appendix ,  Thc opeu-&tion s f  t he  
system i s  a s  fo l lows .  W Laser beam i s  passed through a micro- 
scope o b j e c t i v e  and p inho le  l o c a t e d  a t  P 1' This  p o i n t  source of 
cohe ren t  l i g h t  i s  imaged by l e n s  l o n t o  t h e  p-q p l ane .  A s p a t i a l  
s i g n a l  2 ( x , Y )  i s  i n s e r t e d i i n  t h e  x-y p lane .  The r e s u l t i n g  d i f f r a c -  1 I 
t i o n  p a t t e r n  i n  t h e  p-q p l ane  i s  p r o p o r t i o n a l  t o  t h e  F o u r i e r  t r a n s -  
form Gl(fx,fy) of t h e  s p a t i a l  s i g n a l  CJJ(X,Y) where f x  and f a r e  
Y 
s p a ~ i a l  f r e q u e n c i e s  and a r e  r e l a t e d  t o  t h e  c o o r d i n a t e s  p and q by 
f x  = p/hdj and f = q/hdj, where A i s  t h e  wavelength of  t h e  l i g h t .  Y 
A ~ e f e r e n c e  beam i s  in t roduced  from a p o i n t  s o u r c e  P located.  2 
at c o o r d i n a t e s  (x,,O) i n  t h e  .x-y p lane .  A photographic  p l a t e  i s  
i n s e r t e d  i n  t h e  p-q p l a n e  and a  ho log raph ic  r eco rd ing  i s  made. 
'Fhe developed hologram has  a  g r a t i n g - l i k e  s t r u c t u r e  i n  t h o s e  a r e a s  
wllcr-c Che two beams i n t e r f e r e ;  t h a t  i s ,  i n  t h e  r eg ions  cor responding  
t o  the F o u r i e r  t rans form of g l (x ,y )  . 
The processed hologram is  r e i n s e r t e d  i n  t h e  p-q p l a n e  and t h e  
r c f c r e n c c  beam i s  removed. I f  t h e  same s i g n a l  cjl(x,y) i s  k e p t  i n  
t h e  x-y p l ane ,  t h e  same F o u r i e r  t r ans fo rm d i s t r i b u t i o n  of l i g h t  w i l l  
appear i n  t h e  p-q p lane .  S ince  a l l  of t h i s  a r e a  has  a  g r a t i n g - l i k e  
s t r u c t u r e  due t o  t h e  ho lographic  r eco rd ing ,  t h e  Light  w i l l  be  d i f -  
f r a c t e d  a s  i n  a  d i f f r a c t i o n  g r a t i n g .  One of t h e  f i r s t - o r d e r  d i f -  
f r a c t i o n  components e s s e n t i a l l y  r e c o n s t r u c t s  t h e  r e f e r e n c e  beam. 
L e n s  2 images t h e  x-y p l ane  on to  t h e  r--s p lane .  This  means t h a t  
p o i n t  P i s  imaged a t  a p o i n t  a long  t h e  nega t ive  r a x i s .  T h e  re- 2 
cons t ruc ted  reference heam CEaerefore t e n d s  to becofiie a focus  at 
that  p o i n t ,  Ilowever, as shown i n  thc append-i-x, the light d i s t r i -  
b u t i o n  a t  t h i s  p o i n t  is pxopo2-tionah to the au tocor re la t ion  of 
I f  a f t e r  t h e  processed  hologram is r e i n s e r t e d  i n  t h e  p-q 
p lane ,  a  second s i g n a l  g  (x ,y )  is placed i n  the x-y p l ane  i t s  
-2 
F o u r i e r  t r ans fo rm w i l l  b e  d i f f e r e n t  from t h a t  o f  g  ( x , y ) .  Only 
-1 
t h a t  p a r t  of i t s  t r ans fo rm which i s  t h e  same a s  t h a t  o f  g l (x ,y )  
w i l l  r e s u l t  i n  d i f f r a c t e d  l i g h t  which f a l l s  on t h e  g r a t i n g - l i k e  
s t r u c t u r e  of t h e  hologram i.n t h e  p-q p lane ,  I t  i s  shown i n  t h e  
appc11di.x t h a t  where an  a u t o c o r r e l a t i o n  appeared i n  t h e  r-s p l a n e  
p rev ious ly ,  t h e  l i g h t  d i s t r i b u t i o n  i n  t h i s  case i s  p r o p o r t i o n a l  
t o  t h e  c r o s s - c o r r e l a t i o n  of  t h e  two s i g n a l s  g  ( x , y )  and g 2 ( x , y ) .  
-1 - 
I t  i s  a l s o  shown i n  t h e  appendix t h a t  t h e  o t h e r  f i r s t - o r d e r  d i f -  
f r a c t i o n  component i s  imaged a long  t h c  p o s i t i v e  x-axis  and i s  pro- 
p o r t i o n a l  t o  t h e  convo lu t ion  of g  (x,y) and g 2 ( x , y ) .  
* -1 - 
l ixperimental  R e s u l t s  
A non-symmetrical 3 - s l i t  p a t t e r n  shown schema t i ca l ly  a t  t h e  
t o p  of F ig .  2 was used t o  make a Vander Lugt f i l t e r  i n  the  o p t i -  
ca l  system of F i g ,  I. F i g s  2 shows t h e  p r e d i c t e d  form of t h e  au to-  
c o r r e l a t i o n  f u n c t i o n  @ ( x )  and t h e  convolu t ion  g ( x )  * g  (   he gg 
s l i t  p a t t e r n  i s  a c t u a l l y  two-dimensional w i t h  t h e  y - v a r i a t i o n  be ing  
simply a wide s i n g l e  s l i t .  The a u t o c o r r e % a t i o n  ( o r  convolu t ion)  
of s u c h  a s i n g l e  s l i t  i s  j u s t  a  t r i a n g u l a r  f u n c t i o n  whose width i s  
t w i c e  the width of the s l i t ,  The output jlrtages rccoi-ded a l o n g  
the -r a n d  -kr axes in F i g ,  3. are S ~ C I I . S P ~  i n  F i g ,  3 ,  These j.magcs 
are r e c o g n i z e d  as good r e p r e s e n t a t i o n s  of $ h e  au tocor re la t ion  
f u n c t i o n  
gg 
( x )  and t h e  convo lu t ion  g(x) J. ~ ; ( x j  shown i n  F i g .  2 ,  
A s  a second exper iment ,  w i t h  t h e  same holographic  f i l t e r  i n  
p l a c e  a d i f f e r e n t  t w o - s l i t  s i g n a l  h ( x )  shown i n  F i g ,  4 w a s  i n s e r -  
t e d  i n  t h e  i n p u t  x-y p l a n e  of F ig .  1. The p r e d i c t e d  c r o s s -  
c o r r e l a t i o n  4 (x) and convo lu t ion  g ( x )  .s( k ( x )  are shown i n  
g h 
P i g .  4 .  The t w o  d i f f r a c t e d  images measured i n  t h e  o u t p u t  plane 
are shown i n  F ig .  5 and are a g a i n  seen t o  be good r e p r e s e n t a t i o n s  
of t h e  , c r o s s - c o r r e l a t i o n  and convolu t ion  of the  two s i g n a l s .  
A number of o t h e r  exper iments  have been performed i n c l u d i n g  
a u t a c o r r e l a t i o n  measurements of random p a t t e r n s .  Such measure- 
ments may prove u s e f u l  i n  de te rmin ing  t h e  s t a t i s t i c a l  n a t u r e  of  
v a r i o u s  random s p a t i a l  s i g n a l s .  A s  real  t i m e  ho log raph ic  r eco rd -  
ing  techniques  are p e r f e c t e d  such r ea l - t ime  correl.ati .on measure- 
ments could f i n d  wide appl ica . t ions .  
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A n a l y s i s  o f  h-ioloqragl~ri.~ CorreL~stor  
s__& ---- ~_il------ "A- ------II----_ ---- -*--- 
A wave a n a l y s i s  of  a n  o p t i c a l  sys tem c a n  b e  c a r r i e d  o u t  by 
d c t c r n l i r ~ i n g  t h e  complex a ~ n p b i t u d e  of t h e  wave U -, ( x , y )  a t  any 
p l a n e  p e r p e n d i c u l a r  t o  t h e  o p t i c a l  a x i s .  I f  U' ( x  , y l )  is t h e  
- I+ 
co~np lex  a m p l i t u d e  of  t h e  wave a t  p l a n e  z = 0 t h e n  t h e  complex 
amplitude LJ(xo,yo) a t  a  p a r a l l e l  p l a n e  a  d i s t a n c e  z away i s  
g i v e n  by t h e  Huygen-Fresnel  p r i n c i p l e 2 "  as shown i n  F i g u r e  6. 
R e f e r r i n g  t o  F i g u r e  6 o n e  sees t h a t  t h e  e f fec t  o f  t r a v e l i n g  a 
d i s t a k c c  d  i n  f r e e  s p a c e  is t o  change U '  (x  
* l'Y1) t o  U(xo1y0) -, 
t h r o u g h  t h e  r e l a t i o n  
k 2 2 
jx [ (x0-xL) + (yo-yl) I U_ ( x o f ~ o  d3dy~ (I)
-03 
whcrc K - i s  a complex c o n s t a n t  and U ' ( x  -, 1 1 ~ ~ )  i s  assumed t o  b e  
z e r o  o u t s i d e  t h e  a p e r t u r e .  The r e s u l t  f o r  b i g h t  from a p o i n t  
s o u r c e  t r a v e l i n g  a d i s t a n c e  d i s  found by l e t t i n g  U ' ( x  - 
- l ' Y , - )  - 
S ( x l f  yl )  i n  (1) from which 
Thc e f f e c t  of  a  t h i n  l e n s  i s  t o  m u l t i p l y  t h e  a m p l i t u d e  
f u n c t i o n  U ( x , y )  t h a t  e n t e r s  t h e  l e n s  by some complex a m p l i t u d e  
- 
$ ( x , y ) .  To determine $(x,y) recognize t h a t  light f rom a point 
-" % 
source  w h i c h  e n t e r s  a Lens a f t e r  traveling a distance f eqt1a.l 
t o  Lhe focal LengLh w i l l  emerge from t h e  Lens  as a plaa~e wave, 
and t h u s  from ( 2 )  i t  f o l l o w s  t h a t  
represents t h e  e f f e c t  of a l e n s .  
F o u r i e r  t r a n s f o r n l  of  2 (xI y )  
C o n s i d e r  f i r s t  o n l y  t h a t  portion of F i g u r e  b that is shown 
i n  ~ i g u r c  7 and l e t  gJ(ulv) be t h e  l i g h t  a.mplitude just t o  the 
l c f t  of  t h e  l e n s .  From (2), p,,(u,v) is given by 
Thc c f  f c c t  o f  t h e  l e n s  is t o  m u l t i p l y  (4) by $(u,v) -, from (3) . 
Thus, i f  ve '  ( u , v )  is t h e  l i g h t  a m p l i t u d e  just t o  t h e  r i g h t  o f  
thc l e n s  t h e n  
The f o c a l  l e n g t h  fl o f  l e n s  1 is  r e l a t e d  t o  dl and Dl by 
t h c  l e n s  fo rmula  
S u b s t i t u t i n g  ( 3 )  a n d  ( d ' )  i n t o  ( 5 )  and u s i n g  ( 6 )  one c a n  write 
Let U ( x , y )  b e  t h e  l i g h t  arnpli-tude j u s t  t o  t h e  L e f t  of  t h e  
-0 
s i g n a l  f i l m  g ( x , y )  and l e t  Q o t ( x , y )  b e  t h e  l i g h t  a m p l i t u d e  j u s t  
- 
t o  t h e  r i g h t  o f  t h e  f i l m .  Eq. (1) ca.n he used t o  f i n d  Uo(x,y)  
i n  t e r m s  o f  YJ' ( u , v )  . Thus 
2 [ (x-u) + (y-v) I 
- U ( x r y )  -- K2 Fi t  (ur  v )  e j2-q dudv ( 8 )  
"0 
T o  t h e  r i g h t  o f  t h e  f i l m  yo' ( x , y )  is  g i v e n  by 
I L e t  U t ( p l q )  ., b e  t h e  l i g h t  amp1itud.e a t  t h e  p-q p l a n e  and  
usc (1) a g a i n  t o  w r i t e  
k 2 j- [ (P-XI + ( q - ~ )  I
~ ~ ( p . 4 )  - = K 2d3 dxdy (1 0 
- 3 
-Lm 
Combining ( 7 )  - (10)  , LJt ( p , q )  c a n  b e  w r i t t e n  as 
It is first necessary to do the integration over u and v. To 
this cnd let the parts of p containing u and v be represented . 
by pU a n d  pv respectively. Thus, 
jC1 (u -C2)  2 2 
J e  
du = C3 ie j y c  dc = constant 
-03 -03 
it is desirable to complete the squares in ( , 3 )  and write 
w h c r c  t h e  f a c t  t h a t  D = d, + d3 has bean used .  C o l l e c t i n g  1 &. 
(14) ai2ci the rernajn-incj tcrrr-is i r i  (l2) one can  write 
T h c  t e r m s  p ' and p ' g i v e  a c o n s t a n t  when i n t e g r a t e d  o v e r  u and 
u V 
2 
v. The c o e f f i c i e n t  o f  ( x 2  + y  ) i n  (15)  i s  i d e n t i c a l l y  z e r o .  
Thus, E q .  (11) c a n  be w r i t t e n  as 
k k 
- j --. 
d3 
(px + qy)  
U t ( p t ' ~ )  - = Kt e dxdy (16)  
I 
-03 
Since k = 21r/X where X is t h e  wave leng th  sf t h e  l i g h t ,  (16)  can  
bc r e w r i t t e n  as 
a3 
- j 2 n  ( f x x  + f y )  
- G ( f X l f y )  ., - g ( x , y )  - €2 dxdy (18 
is the F o u r i e r  t r a n s f o r m  o f  g ( x , y )  and 
- 
are  t h e  s p a t i a l  frequencies. E q ,  ( 1 7 )  shows that to w i t h i n  a 
9 
y u n d r a t j  c p h a s e  factor U - t ( p , c i )  i s  p r o p o r t i o n a l  t o  t h e  t w o -  
d i m e n s i o n a l  F o u r i e r  t ransform of the s p n t i i i l  S~CJ~RI 9 ( X f y )  - 
IIolographic Recordin;_ 
The p o i n t  s o u r c e  a t  P 2 c a n  b e  r e p r e s e n t e d  by t h e  d e l t a  
f u n c t i o n  6 (x -x r r  y ) .  Thus,  u s i n g  E q .  (1) t h e  L i g h t  a m p l i t u d e  
o f  t h e  r e f e r e n c e  beam i n  t h e  p-q p l a n e  due  t o  t h i s  p o i n t  s o u r c e  
i s  given by 
I n  d e r i v i n g  (20)  i t  i s  assumed t h a t  x r i s  s m a l l  enough so t h a t  
the p a r a x i a l  a p p r o x i m a t i o n  used i n  o b t a i n i n g  E q .  (1) is v a l i d .  
I 
Tllc c o n s t a n t  p h a s e  f a c t o r  ejkx: /2d3 i n  ( 2 0 )  i s  of no importance 
and w i l l  b e  dropped f o r  convenience .  By i n t r o d u c i n g  t h e  s p a t i a l  
frccjucncy f x  from (3.9) one  c a n  write (20)  i n  t h e  form 
The t o t a l  l i g h t  f i e l d  at t h e  p-q p l a n e  i s  t h e  sum of t h e  
i i e l d s  l J t ( p , q )  fro~ti (17)  and  Z r ( p , y )  from ( 2 1 ) .  A photog rap hi.^ 
plate i s  i n s e r t e d .  in the p-cj plane and records the intensity of 
t.lji:; h o t ' l k  f i e P c 3 ,  The intensity is given  hy 
I t  i s  assumed t h a t  t h e  a m p l i t u d e  t r a n s m i t t a n c e  o f  t h e  r e s u l t i n g  
hologram is. proportions-l ( w i t h  a  n e g a t i v e  s i g n )  t o  t h e  e x p o s u r e  
which i n  t u r n  i s  p r o p o r t i o n a l  t o  t h e  i n t e n s i t y  ( 2 2 ) .  Thus,  ab- 
c t a n t s  s o r b i n g  t h e s e  p r o p o r t i o n a l i t y  c o n s t a n t s  i n  t h e  o t h e r  con, 
a f i l t e r  f u n c t i o n  H ( f x , f  - ) r e p r e s e n t i n g  t he  a m p l i t u d e  t r a n s -  
Y 
m i t t a n c e  of  t h e  hologram i n  t h e  p-q p l a n e  [ f r e q u e n e e  p l a n e ;  
scc (19)  1 c a n  b e  w r i t t e n  u s i n g  ( 1 7 ) ,  (21)  and ( 2 2 )  i n  t h e  form 
w h e r e  t h e  s i g n a l  used i n  making t h e  f i l t e r  R(Ex,B ., ) has b e e n  
Y 
designated as gl ( x , y )  w i t h  a F o u r i e r  t ransform G ( f  , f ) . 
-3. x y 
I n  t h e  r e c o n s t r u c t i o n . p r o c e s s  l e t  g ( x , y )  b e  r e p l a c e d  by a 
-1 
sccond s i g n a l  g 2  ( x , y )  whose F o u r i e r  t r a n s f o r m  i s  GZ ( f x ,  f y )  . 
-., 
F i g u r e  8 shows t h a t  p a r t  of F i g u r e  1 t h a t  i s  r e l e v a n t  t o  the 
reconstruction process ,  I n  t h i s  case the -raefcrencc beam i s  re- 
moved so that Lhe total E i ~ l d  U (p,q) i s  proport-j-onal to 
-t 
C2 ( f  f ) accord.ing to (17). Thus 
- x" 
Tllc  hologram i n  t h e  p-q p l a n e  ha s  a n  ~ m p l i t u d e  t r a n s m i t t a n c e  
1 l ( f x , f  - ) g i v e n  by (23)  where fx and f are r e l a t e d  t o  p and. q Y Y 
by ( 1 9 ) .  Thus t o  t h e  r i g h t  o f  t h e  p-q p l ane  LTct (p lq )  i s  g i v e n  
uq. ( 2 5 )  c a n  b e  combined w i t h  ( 2 3 )  and ( 2 4 )  and w r i t t e n  as 
i :crcrring to F i g u r e  8,  Eq, ( 9 )  can be used  Lo write the 
f ic.ld to t h c  l e f t  of the l e n s  U ( G , G )  as 
-m 
S u l > : ; t i t u t i n g  ( 2 6 )  i n t o  ( 3 1 )  and  making t h e  c h a n g e  o f  v a r i a b l e s  
g i v e n  by ( 1 9 )  o n e  c a n  w r i t e  ( 31 )  i n  t h e  form 
I f  r 2  is thc f o c a l  l e n g t h  o f  l e n s  2 t h e n  f rom ( 3 )  t h e  f i e l d  
U ' ( G I G )  t o  t h e  r i g h t  of Lens 2 i s  g i v e n  by 
-111 
F i l i a l l y ,  u s i n g  (1) t h e  f i e l d  LJJ(r,s) i n  t h e  r-s image p l a n e  i s  
( j j v c n  by 
~ o ~ n h i n i n g  (321,  ( 3 3 )  and  ( 3 4 )  t h e  f i e l d  Ui(r,s) ., c a n  be w r i t t e n  
a:; 
I n  o r d e r  t o  do t h e  i n t e g r a t i o n  o v e r  5 and ? i n  (35)  it i s  
nc.ccssary t o  comple te  t h e  s q u a r e s  i n  (37)  and (38)  as w a s  done  
i l l  ( 1 3 ) .  I f  t h i s  is done and u s e  i s  made o f  t h e  l e n s  formu1.a 
t l i r r l  (37)  and ( 3 8 )  c a n  b e  w r i t t e n  i n  t h e  form 
Su1): ; t i tut ing ( 4 0 )  and ( 4 1 )  i n t o  (36)  one  o b t a i n s  
'L'lri! tcrms IJ-' and p J '  g i v e  a c o n s t a n t  when i n t e g r a t e d  over 6 
u 
2 
a n d  J i n  ( 3 5 ) .  The c o e f f i c i e n t  o f  ( f  + f 2, i n  ( 4 4 )  i s  
X Y 
identically z e r o .  Thus, Ecl. ( 35 )  c a n  be w r i t t e n  as  
r f o n e  i n t r o d u c e s  t h e  reduced  c o o r d i n a t e s  
is Lhc n m i j n i f i c a - t i o n  between the x-y  and n - s  p l a n e s ,  t h e n  ( 4 5 )  
can i:c. written as 
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c o n v o l u t i o n  t+ wi1. l .  be centered at the coord ina tes  
r Mxr, s = 0 ,  
C o r r c l a t . i o 1 1  M e a s u r e m e n t  
C o n s i d e r  now t h e  t e r m  T ( f  f ) g i v e n  by  ( 3 0 ) .  I n  t h e  
- x' y 
i l i l d ( j c  p l a n e  t (r' ,s' ) is g i v e n  by the i n v e r s e  F o u r i e r  t r a n s f o r m  
- 
- 
01' ( 3 0 ) .  T h a t  is, 
Tron~ w h i c h  
l n t c r c h a n g i n y  t h e  o r d e r  of i n t e g r a t i o n  and i n t e g r a t i n g  one  o b t a i n s  
k;cl. (55) is the cross-correlation 4 o f  2; and g2  centered 
g?g2 -. 
I f  g1 a n d  g a r e  t h e  same rea l  s i g n a l  t h e n  t (rl,s') w i l l  
.- - 2 _- 
r e c o r d  tile a u t o c o r r e l a t i o n  f u n c t i o n .  
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COHERItNT OPTICAL PROCRSSXNC USJNG A SINGLE SPHERICAL MIRROR 
I. I n t r o d u c t i o n  
O p t i c a l  d a t a  p r o c e s s i n g  and s p a t i a l  f i l t e r i n g  techniqu.es  
have been used i n  a  v a r i e t y  o f  a p p l i c a t i o n s . '  An h i s t o r i c a l  
r ev iew o f  s p a t i a l  f i l t e r i n g  and o p t i c a l  i n f o r m a t i o n  p r o c e s s i n g  
L has been g i v e n  by Goodman. The s t a n d a r d  o p t i c a l  p r o c e s s i n g  
sys tem c o n t a i n s  a  c o l l i m a t i n g  l e n s ,  a  t r a n s f o r m i n g  l e n s ,  and 
a n  imaging ( o r  second t r a n s f o r m i n g )  l e n s .  By a p p r o p r i a t e l y  
l o c a t i n g  t h e  i n p u t  p l a n e ,  t h e  same Lens c a n  b e  used f o r  b o t h  
t r a n s f o r n t i n g  and imaging t h e  i n p u t  s i g n a l .  A s  w i l l  b e  shown 
below, t h e  i n c i d e n t  wave need n o t  be a p l a n e  wave s o  t h a t  t h e  
c o l l i m a t i n g  l e n s  can  a l s o  be e l i m i n a t e d .  A s c h e m a t i c  o f  t h e  
r e s u l t i n g  s i n g l e  l e n s  sys tem i s  shown i n  F i g .  I. The s i n g l e  
l e n s  i n  t h i s  sys tem c a n  b e  r e p l a c e d  by a s p h e r i c a l  m i r r o r  re- 
s u l t i n g  i n  a n  o p t i c a l  p r o c e s s o r  t h a t  u s e s  no l e n s e s  a t  a l l  
f o l l o w i n q  t h e  i n p u t  p i n h o l e ,  Two p o s s i b l e  c o n f i g u r a t i o n s  o f  
such  a n  o p t i c a l  p r o c e s s o r  f o r  u s e  w i t h  t r a n s m i t t i n g  and re- 
f l e c t i n g  s i g n a l s  r e s p e c t i v e l y  a r e  shown i n  F i g s .  2 and 3 .  An 
a n a l y s i s  of  t h e  o p t i c a l  p r o c e s s i n g  sys tem i n  F i g .  1 i s  g i v e n  
i n  S e c t i o n  2 .  The e f f e c t s  of  t h e  f i n i t e  s i z e  o f  t h e  m i r r o r  
and t h e  i n p u t  s i -gna l  a r e  dj .scussed i n  S e c t i o n  3. Some F o u r i e r  
t r a n s f o r n ~ s  and s p a t i a l  f i l t e r i n g  exper iments  u s i n g  a s i n g l e  
s p h e r i c a  I. m i r r o r  are p r e s e n t e d  i n  Section 4. 
L 
2. Analysis -- of t n e  Optical - P r o c e s ~ y s t e m  --- 
A wave a n ~ l y s i s  o f  t h e  o p t i c a l  systein i n  Fj-gure L can b e  
c a r r i e d  o u t  by d e t e r m i n i n g  t h e  complex a m ~ l i t u d e  o f  t h e  wave 
U ( x , y )  a t  any p l a n e  p e r p e n d i - c u l a r  t o  t h e  o p t i c a l  a x i s .  If 
u' - (x1ty1 ) i s  t h e  complex a m p l i t u d e  of  t h e  wave a t  p l a n e  z = 0 ,  
t h e n  t h e  complex a m p l i t u d e  U(x ) a t  a  p a r a l l e l  p l a n e  a d i s -  
-- O'YO 
t a n c e  z away i s  g i v e n  by t h e  Muygen-Fresnel p r i n c i p l e  2 ' 3  as 
shown j.n F i g u r e  40 R e f e r r i n g  t o  F i g u r e  'J one sees t h a t  t h e  
e f fec t  o f  t r a v e l i n g  a  d i s t a n c e  d i n  f r e e  s p a c e  i s  t o  change 
t h r o u g h  t h e  r e l a t i o n  
whcrc  K - i s  a c o ~ n p l e x  c o n s t a n t  and U '  - ( x l , y l )  i s  assumed t o  b e  
z e r o  o u t s j d e  t h e  a p e r t u r e .  The r e s u l t  f o r  l i g h t  from a p o i n t  
s o u r c e  on t h e  a x i s  t r a v e l i n g  a  d i s t a n c e  d  i s  found by l e t t i n g  
U '  ( x l  , y l )  = 6(xl'Y1) i n  ( I )  from which 
-. 
The e f f c c t  of  t h e  l e n s  ( o r  s p h e r i c a l  m i r r o r )  i s  t o  m u l t i p l y  
the inc i S e n t  amplitude f u n c t i o n  U - (r, y )  by some complex a m p l i t u d e  
+ ( x , y ) .  - To dc te r , , r inz  $ ( x , y )  - r e c o g n i z e  t h a t  l i g h t  from a point 
source, w l l i c h  is incident on the lens (or mirror) a f t ~ r  t r a v e l i n g  
a disC;lnce f equal t o  t h e  f oca l  leric~t-h w i l l  he trans ~ i i t c i i  ( c ~  
rcfjectcct) a _ ~ ,  a. plane wave. 'Chcit is 
and thus from (2) it follows that 
represents the effect of the lens (or sperical mirror) where 
f is the focal length of the lens (or mirror). 
Refer now to Figure 1 where U (x,y) is the light amplitude 
-1 
just to the left of the signal plane. From (2) U -1 (x,y) is given 
To the right of the input plane U2(x,y) - is given by 
Ecl~tation (1) can be used to find U (u,v) in terms of U ( x , y )  . 
- 3  -2  
T h u s  
Co 2 [ (U-x) + v -  I j- 
u3(u,v) = K U2 (x,Y) e 2d2 dxdy 
. - 2 * 
The effect of the lens (or mirror) is to multiply U .3  (u,v) b y  
$(u,v) given by (3) . Thus 
Usi.nq (1) a9ai.n U ( p , q )  can bc written 2s 
% 5 
c=J k 2 j ~8; [ ( p - ~ )  + b2-v) I 
u ( ~ ' 1 ~ 1 )  = 5 u 4 ( u , v )  e dudv 
- 
( 8 )  
-5 
"to 
If a  f i l t e r  w i t h  a complex t r a n s m i t t a n c e  H(p ,q )  ., i s  i n s e r t e d  
i n  t h e  p-q p l a n e ,  t h e n  ( p  , q )  i s  g i v e n  by 
F i n a l l y  t h e  l i g h t  a m p l i t u d e  i n  t h e  o u t p u t  pl.ane U 7 ( r , s )  - is 
given  by 
I t  i s  c o n v e n i e n t  t o  f i r s t  e v a l u a t e  l.J.J(p,q). Combining 
Ec lua t ions  ( 4 )  t l i rough ( 8 )  one  c a n  w r i t e  
.k 
1 7 P  
~ ~ ( ~ 1 4 )  = K ( ~ I Y )  e dudv dxdy 
N -5 
It is f i ~  st necessary to do the integration ovcr u and v. To 
t k ~ i  s cnci 1c"t the paris of p containing u anci v be re2rescntecl  
by p an( l  p rcspective1.y. Thus 
u V 
S i n c e  
it is d e s i r a b l e  to comple te  t h e  s q u a r e s  i n  (13) and w r i t e  
. 
2 
- 
P u  P u  
a n d  t h e  l e n s  fo rmula  l/f = 1 / L  1 + l / d 3  has  beer^ u s e d .  Conbininn 
( 1 4 )  w i t h  the rernnininq t e r m s  i n  ( 1 2 )  one can w r i t e  p i n  the form 
T h e  tern15 Pu ' a n d  p ' give a constant when integrated over V 
2 2 
u and v .  Thc coefficient of ( x  + y ) i n  ( i 6 )  i s  i d e n t i c a l l y  
z e r o .  Thus (11) can  be w r i t t e n  a s  
where G ( e x ,  f ) i s  t h e  two-dimensional  F o u r i e r  t r a n s £  o r m  o f  
., Y 
g (x,y) w i t h  s p a t i a l  f r e q u e n c i e s  f x  = IJlp/Xdld3 and f = 
- Y 
A f i l t e r  w i t h  an  impulse  r e s p o n s e  h ( x , y )  w and a  t r a n s f e r  
1 
f u n c t i o n  I I ( f x , f  -, ) i s  t o  b e  i n s e r t e d  i n  t h e  p-q p l a n e .  Then 
Y 
I . from ( 1 7 ) ,  ( 9 )  and ( l O ) ,  U p ( r , s )  -, can  b e  w r i t t e n  a s  
where 
2 2 The  c o e f f i . c i e n l  o f  (p  + q j in (13) is 
~pplying the lens formula to Figure 1 one can write 
By cross-multiplying and combining terms in (21) one can show 
that 
Substituting (22) into (20) one obtains 
2 so that the coefficient of (p2 + q ) in (19) vanishes. Thus, 
(18) reduces to 
In terms of the spatial f r e q u e n c i e s  fx = ~ ~ p / ) , d ~ d ~ ,  f Y = 
- (d2/L2)  s E q ! l a t i o n  ( 7 3 )  can be written as 
where ( 2 2 )  h a s  been  used .  Thus t o  w i t h i n  a q u a d r a t i c  p h a s e  
f a c t - o r  U (r' , s ' )  i s  p r o p o r t i - o n a l  t o  t h e  i n v e r s e  F o u r i e r  
- 7 
t ransfor111 o f  t h e  p r o d u c t  G(f  f ) H ( f x r  
- x' y - f y )  . The l i g h t  
i n t e n s i t y  i n  t h e  o u t p u t  p l a n e  w i l l  t h e r e f o r e  be  p r o p o r t i o n a l  
t o  t h e  magni tude  s q u a r e d  o f  t h i s  i n v e r s e  F o u r i e r  t r a n s f o r m  o r  
a l t e r n a t i v e l y  t o  t h e  magni tude  s q u a r e d  o f  t h e  c o n v o l u t i o n  o f  
t h e  i n p u t  s i g n a l  g ( x , y )  w i t h  t h e  impulse  r e s p o n s e  h ( x , y )  . I n  
..4 a" I 
p a r t i c u l a r ,  i f  no f i l t e r  i s  used  ~ ( p , q )  = 1, h ( x , y )  
- * 
= 6 ( x , y )  
and t h e  o u t p u t  i n t e n s i t y  r e d u c e s  t o  
which a s  e x p e c t e d  i s  a n  i n v e r t e d  image o f  g ( x , y )  t h a t  h a s  been 
- 
magnifi.etl by a n  amount L2 /d2 .  
3 .  Design C r i t e r i a  . f o r  t h e  O p t i c a l  P r o c e s s o r  - 
I n  d e s i g n i n g  t h e  l e n s l e s s  p r o c e s s o r  f o r  a  p a r t i c u l a r  
a p p l i c a t i o n  a  compromise i s  o f t e n  r e q u i r e d  between t h e  m a g n i f i -  
c a t i o n  M = L /d t h e  a c t u a l  s i z e  of t h e  d i f f r a c t i o n  pattern 2 2' 
in the L r a n s f o r ~ ~ t  (Ti l t e r )  p l a n e ,  and. t h e  m a x i m u m  spat i a1 Fre- 
yuericy tilat: c a n  hc f a.i. t h f  u1.f.y transmi. tted by t h e  system i.n t h e  
absence of any f i l t e r i n g  i n  t h e  transform plane. T h i s  
maximum s p a t i a l  f r e q u e n c y  can b e  de te rmined  from t h e  c o h e r e n t  
t r a n s f e r  f u n c t i o n  which  i s  e q u a l  t o  +:he p u p i l  f u n c t i o n  o f  t h e  
s p h e r i c a l  m i r r o r  P ( hL2fx1 ,  AL f  ' )  2 r 3 .  T h i s  c o h e r e n t  t r a n s f e r  
2 Y 
f u n c t i o n  i s  d e f i n e d  a s  t h e  r a t i o  o f  t h e  f r e q u e n c y  s p e c t r u n ~  of  
t h e  image t o  t h e  f r e q u e n c y  spect rum o f  t h e  image p r e d i c t e d  by 
g e o m e t r i c a l  o p t i c s .  The s p a t i a l  f r e q u e n c i e s  x ' and f Y ' are 
a s s o c i a t e d  w i t h  t h e  image c o o r d i n a t e s .  However, t h e  s p a t i a l  
f r e q u e n c i e s  f x  and f  r e l a t e d  t o  t h e  F o u r i e r  t r a n s f o r m  i n  (17)  
Y 
are a s s o c i a t e d  w i t h  t h e  i n p u t  s i g n a l .  These two s e t s  o f  s p a t i a l  
f r e q u e n c i e s  a r e  r e l a t e d  by  t h e  m a g n i f i c a t i o n  t h r o u g h  t h e  
e x p r e s s i o n  f = Mf;  . Thus, i n  terms o f  t h e  i n p u t  s p a t i a l  
X l Y  I Y  
f r e q u e n c i e s  t h e  c o h e r e n t  t r a n s f e r  f u n c t i o n  i s  given by 
P ( hLZfx/Mt f /MI = P ( Ad2fx, Ad f  ) . For  a l e n s  ( o r  s p h e r i c a l  2 Y 2  Y 
rnirro?)  o f  d i a m e t e r  D t h e  c u t - o f f  f r equency  f  o i s  t h u s  g i v e n  
T h i s  c u t - o f f  f r e c ~ u e n c y  f  o c o r r e s p o n d s  t o  t h e  s p a t i a l  
frequency o f  a n  o n - a x i s  o b j e c t  whose d i f f r a c t e d  l i g h t  j u s t  makes 
i t  t h r o u g h  t h e  a p e r t u r e  of  t h e  l e n s  ( o r  s p h e r i c a l  mi- r ror )  . T h i s  
i s  i l l u s t r a t e d  i n  F i g u r e  5 where t h e  s o l i d  l i n e  p a s s i n g  t h r o u g h  
t l ~ c  c c n t r ~ r  of  a n  o b j e c t  of  wid th  a b e l o n g s  t o  t h e  bundle o f  
r 2 y s  >!hi-h convcrgc  to a 6;oj nL in th 2 transform plal le  a 
d i s t;inci7 Po from Lhc axis. This distance c o r r e s p o n r ? ~  to the 
maxi m \ i n \  s p a t i  ; t l  f r e c ~ u c n c y  
which w i l l  be p a s s e d  by an  a p e r t u r e  of  d i a m e t e r  D.  .From t h e  
geometry o f  F i g u r e 5  one c a n  r e a d i l y  show t h a t  
so t h a t  one c a n  o b t a i n  (26)  by s u b s t i t u t i n g  (28)  i n t o  (27)  . 
E q u a t i o n  (26)  i s  d e r i v e d  by c o n s i d e r i n g  t h e  o p t i c a l  s y s t e m  
t o  be s p a c e - i n v a r i a n t  ( i s o p l a n a t i c ) .  One would t h e n  e x p e c t  
t h i s  c u t - o f f  f r e q u e n c y  f  t o  a p p l y  t o  a11  p o i n t s  i n  t h e  image.  
0 
I n  f a c t ,  it d o e s  n o t  a s  shown by t h e  b u n d l e  of  dashed  r a y s  i n  
F i g u r e  5 .  L i g h t  t h a t  i s  d i f f r a c t e d  i n  t h e  s i g n a l  p l a n e  a t  a  
d i s t a n c c  a/2 from t h e  a x i s  w i l l  o n l y  p a s s  th rough  t h e - a p e r t u r e  
of d i a m e t e r  D i f  t h e  s p a t i a l  f r e q u e n c y  i s  less t h a n  f  = 
a 
L p /Xclldj a s  shown i n  F i g u r e  5. From t h e  geometry o f  t h i s  1 a  
f i g u r e  one  can  shoiv t h a t  f a  i s  r e l a t e d  t o  t h e  c u t - o i f  f r e q u e n c y  
f g i v e n  by ( 2 6 )  by t h e  e q u a t i o n  
0 
Thus t h e  v i g n e t t i n g  e f f e c t  of  t h e  f i n i t e  a p e r t u r e  r e d u c e s  t h e  
n ~ c ~ x i m u m  s p a t i a l  f r e q u e n c y  that can hc f a i t h f u l l y  t r a n s m i t t e d  
by  Chc sjs tern proportionately t o  the ratio a/D. 
4 .  Expel-imental Resu l t s  
The precedincj a - n a l y s i s  w i l l  apply t o  t h e  s p h e r i c a l  m i r r o r  
c o n f i g u r ; ~ t i o n s  o f  F i g s .  2 and 3  provided t h e  e f f e c t s  .of t h e  
b e a m s p l i t t e r s  can be  ignored .  The most impor tan t  e f f e c t s  w i l l  
be  t h e  f i n i t e  s i z e  of t h e  beamspl - i t t e r s  and m u l t i p l e  r e f l e c t i o n s .  
I n  p r a c t ~ c e  it i s  o f t e n  p o s s i b l e  t o  e l i m i n a t e  t h e  b e a m s p l i t t e r s  
a1 t1ogethc-r. I n  t h e  fo l lowing  exper iments  no b e a m s p l i t t e r s  were 
used.  Ttle d i v e r g i n g  l i g h t  was r e f l e c t e d  d i r e c t l y  from a  20 c m .  
d iameter  s p h e r i c a l  m i r r o r  w i t h  a  f o c a l  l e n g t h  of  164 cm. Because 
o f  t h e  long f o c a l  l e n g t h  a  s l i gh t .  t i l t i n g  of t h e  m i r r o r  would 
s e p a r a t e  t h e  t ransform p lane  and t h e  o u t p u t  p l a n e  from t h e  in -  
coming l i g h t  beam wi thou t  s i g n i f i c a n t l y  a f f e c t i n g  t h e  images 
i n  t h e s e  p l anes .  F igu re s  6  - 9 show a-number o f  s i g n a l s  and 
t h e i r  power s p e c t r a  a s  measured i n  t h e  t r ans fo rm p l a n e  of  F i g .  
1. I n  each c a s e  t h e  s i g n a l  completel-y f i l l e d  an  a p e r t u r e  i n  t h e  
s i g n a l  p3 ane 6.5 cm. i n  d iameter .  These s i g n a l s  a r e  l a r g e r  t han  
t h o s e  which can  be used i n  conventi.ona1 o p t i c a l  p roces s ing  sys -  
tems us ing  s t anda rd  s i z e  l e n s e s  (35 mm s i g n a l s  a r e  a  s t a n d a r d  
s i z e ) ,  For t h e  measurements shown i n  F igs .  6 - 9 t h e  d i s t a n c e s  
i n  F ig .  1. had t h e  fol-lowing va lues :  d  1- 112cm., d2=109cm., and 
d3=636cm. 
The s p a t i a l  f i l t e r i n g  c a p a b i l i t y  of t h e  s i n g l e  s p h e r i c a l  
m i r r o r  system was i l l u s t r a t e d  by a  number of exper iments .  F ig .  
10a shows a g r a t i n g  in which the line frequency varies Logari th-  
m i c a l l y  From 0 . 5  Lines /mm to 5 S_ines/mrn, A f i l t e r  cons i s t i r l g  
of a p e r i o d i c  bar p a t t e r r ,  was inser ted in the t r a n s f o r m  plane, 
T h e  r e s u l t i n g  f i l t e r e d  v e r s i o n  o f  t h e  t r a n s f o r m  p l a n e  i s  shown 
i n  F i g .  l o b .  The r e s u l t i n g  o u t p u t  image i s  shown i n  F i g .  1 0 c .  
S i n c e  t h e  f i l t e r  w i l l  b l o c k  a l l  t h e  harmonies o f  c e r t a i n  s p a t i a l  
f r e q u e n c i e s  e n t i r e  r e g i o n s  o f  t h e  o r i g i n a l  s i g n a l ,  c o r r e s p o n d i n g  
t o  t h e s e  s p a t i a l  f r e q u e n c i e s ,  w i l l  become darkened a s  shown i n  
F i g .  1Oc. I n  t h i s  measurement t h e  d i s t a n c e s  i n  F i g .  1 had t h e  
f o l l o w i n g  v a l u e s :  d =284 c m . ,  d2=328 c m . ,  d  =224 c m . ,  and 1 3 
d4=104crn. 
A s  a second  f i l t e r i n g  exper iment  t h e  words " y e s "  and "no" 
were r e c o r d e d  on a  g l a s s  p h o t o g r a p h i c  p l a t e  and t h e  p l a t e  was 
t h e n  b l e a c h e d  and t h u s  became c o m p l e t e l y  t r a n s p a r e n t .  However, 
t h c r e  i s  a p h a s e  v a r i a t i o n  a c r o s s  t h e  g l a s s  p l a t e  due  t o  changes  
i n  t h e  r e f r a c t i v e  i n d e x  and t h i c k n e s s  o f  t h e  emuls ion  where 
t h e  words are l o c a t e d .  The r e s u l t i n g  image i n  t h e  o u t p u t  p l a n e  
of F i g .  1 i s  shown i n  F i g .  l l a .  A f i l t e r  which b l o c k e d  t h e  
u n d i f f r a c t e d  d.c. l i g h t  was i n s e r t e d  i n  t h e  t r a n s f o r m  p l a n e  and 
t-hc r e s u l t i n g  image i n  t h e  o u t p u t  p l a n e  i s  shown i n  F i g .  lib, 
The d . c .  f i l t e r  used  f o r  t h e  exper iment  of  F i g .  11 was 
made by s imply  r e c o r d i n g  p h o t o g r a p h i c a l l y  t h e  p o i n t  o f  l i g h t  
( i n  t h e  form o f  a n  A i r y  d i s c )  which a p p e a r s  i.n t h e  t r a n s f o r m  
p l a n e  when t h e r e  i s  no s i g n a l  i n  t h e  i n p u t  p l a n e .  When t h i s  
f i l t e r  i s  r e i n s e r t e d  i n  t h e  t r a n s f o r m  p l a n e  t h e  image i n  t h e  o u t -  
p u t  p l ane  is as  shown i n  F i g .  1 2 ,  I f  a  t r a n s p a r e n t  o b j e c t  j-s 
now i n s e r k e d  i n  the i n p u t  plane any  Eight which is diffracted 
around t t  e d. c, filter will appear  in t h e  o u t p u t  plane* This i s  
13 
ilLustrated in F i g s ,  1 3  - 15 where three samples  of a .u t smobiLe  
w i n d s h i e l d s  w i t h  d i f f e r e n t  s u r f a c e  q u a l i t i e s  were i n s e r t e d  i n  
t h e  i n p u t  p l a n e .  Phase  v a r i a t i o n s  due  t o  d e f e c t - s  i n  the gl .ass  
become v i s i b l e  i n  t h e  o u t p u t  p l a n e .  
Due t o  t h e  f a c t  t h a t  s p h e r i c a l  ( o r  p a r a b o l i c )  m i r r o r s  can  
b e  made l a r g e r  t h a n  l e n s e s  of  t h e  same q u a l i t y  it may p r o v e  use-  
f u l  t o  u s e  s p h e r i c a l  m i r r o r s  i n  o p t i c a l  p r o c e s s i n g  and t e s t i n g  
sys tems  where t h e  s i g n a l s  o r  o b j e c t s  a r e  of  l a r g e  e x t e n t .  
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F i g .  7 a) S i g n a l  p a t t e r n  
b )  Power spectrum of a), 
F i g .  8 a) S i g n a l  pattern 
b)  Power spectrurfi of a). 
F i g .  9 a) Signal p a t t e r n  
b )  Power spec t rum of a). 
b) Fil-tered power spectrum, 
c) E'ilt.ered out-.put image. 
Fig. 91 a) image in output 
plane with no filtering, 
b)  image in output p l a n e  
with d , c .  f i l t e r i n g .  

Fig. 13 0 u t . p ~ - t  image of 
good q u a l i t y  windshi -e ld  
samn1.e. 
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ABSTRACT 
Holograms are shown t o  p o s s e s s  F o u r i e r  t r a n s f o r m i n g  
p r o p e r t i e s  i n  addi-t . ion t o  t h e i r  wel-l-known imaging p r o p e r t i e s .  
Under c e r t a i n  circurnsta-nces a  d i r e c t  analogy e x i s t s  between 
t h e  F o u r i e r  t r a n s f o r r c i n g  p r o p e r t i e s  o f  l e n s e s  and holograms.  
. It i s  p o s s i b l e  . t o  l o c a t e  F o u r i e r  t r a n s f o r m  p l a n e s  i n  t h e  re- 
c o n s t r u . c t i o n  o f  b o t h  t h e  p r i m a r y  and c o n j u g a t e  waves. The 
e x i s t a n c e  o f  t h e  F o u r i e r  t r a n s f o r n ~  pla-nes depends on t h e  p ro -  
pek s e l - e c t i o n  o f  t h e  r e f e r e n c e  a n d  r e c o n s t r u c t i o n  beams. A 
p a i r  of nornographs f o r  p o i n t  s o u r c e  h o l o g r a p h i c  imaging have  
been  deve loped  and a r e  used  t o  1-ocate  t h e  F o u r i e r  t r a n s f o r m  
p l a n e s .  Power spec t rum measurements  made h o l o g r a p h i c a l l y  
w i t h o u t  t h e  u s e  o f  l e n s e s  a r e  p r e s e n t e d .  A comple te  d e r i v a - -  
t i o n  o f  t h e  Fou1:ier t r a -ns fo rminy  prope1:ties o f  holograms i s  
Ijo].ography car? bc u:;ccl to produc!e images k r j t ' r 3 o u i -  t!lP use 
of a  l e n s  a s  t h e  Bmag:i.ng element.  It  j.s well-known t h a t  in 
a d d i t i o n  t o  t h e i r  imaging p r o p e r t i e s ,  l e n s e s  a l s o  posses s  
Four i e r  t r ans fo rming  p r o p e r t i e s  when i l l -uminated w i t h  c o h e r e n t  
l i g h t .  I n  t h i s  paper it i s  shown t h a t  holograms a l s o  p o s s e s s  
F o u r i e r  t r ans fo rming  p r o p e r t i e s .  
The ho log raph ic  imaging of  p o i n t  sou rces  has  been d i s -  
cussed by ~ h a r n ~ a g n e . ~  The equa t ions  f o r  de t e r~ l l i n ing  t h e  image 
c o o r d i n a t e s  of  p o i n t  sou rce  holograms a r e  ob ta ined  i n  S e c t i o n  
I and tb7o nornographs a r e  in t roduced  f o r  r a p i d l y  f i n d i n g  t h e  
image c o o r d i n a t e s  of bo th  t h e  primary i m a c j e  and t h e  c o n j u g a t e  
image. These nornographs a r e  u s e f u l  f o r  v i su . a l~ i z ing  t h e  gen-- 
era1 imaging p r o p e r t i e s  of holograms and,  i n  p a r t i c u l a r ,  f o r  
de te rmin ing  whether t h e  image i s  r e a l  o r  v i r t u a l .  I n  
Sect-ion II it i s  shown how t h e s e  nomogjzaphs can be used t o  
l o c a t e  F o u r i e r  transforl-11 p l anes  and experin~eni-.a1 r e s u l t s  a r e  
p re sen ted .  A d e t a i l e d  a n a l y s i s  of t h e s e  r e s u l t s  is  g iven  i n  
S e c t i o n  111. The e n t i r e  d i s c u s s i o n  i s  li .mited t o  p1an.e holo-  
I. HOLOGRAPHIC IMAGTPJG 
The ho log raph ic  imaging of p o i n t  sou rces  can be  de-- 
s c r i b e d  u s i n g  t h e  geometry of F ig .  I.. A n  o b j e c t  beam i n  t h e  
form of a sphcr j -ca l  wave or iy2ni i t es  from a p o i n t  sou rce  a."c 0. 
NecjSect_i.ncj co~ii;tan-t-. phase factors, the eomp4.e~ ;zmpl.itu.de of 
j l<T- this travc a t  the z == 0 plane can he written 2s el -0 == K o e o 
a 
where 1: .- A o / l 0 .  Simi larly the re fere i~ce  bcs~-1. o r i .g ina t i l ig  
0 
j k r  from a p o i n t  sou rce  a t  R can be w r i t t e n  a s  UT = Kr e r .  I f  
- - - 
a photographic  f i l m  i s  p laced  i n  t h e  p l a n e  z = 0 t h e  i n t e n s i t y  
recorded  by t h e  f i l m  i s  p r o p o r t i o n a l  t o  
Assu~nj-ng t h a t  t h e  amp1itu.de t r a n s m i t t a n c e  of t h e  r e s u l t i n g  
hol.ogram i s  p r o p o r t i o n a l  t o  t h i s  i n t e n s i t y  f u n c t i o n  and i f  t h e  
r econs t ru -c t ion  beam i n  F ig .  l b  i s  of t h e  form LJc = Kc e jk rc  
t h e n  t h e  wave t r a n s m i t t e d  by t h e  hologram l o c a t e d  i n  t h e  z  = 0 
p l a n e  of F i g .  l b  w i l l  be  p r o p o r t i o n a l  t o  
The f i r s t  two te rms  on t h e  r igh t -hand  s i d e  of ( 2 )  a r e  
d--c terms r e p r e s e n t i n g  t h e  main zero--order d i f f r a c t e d  recon-  
s t r u c t i o n  bearn. The t h i r d  tern; U ,+ = U ,c-o-r U U* i s  t h e  primary 
beam and t h e  f o u r t h  term U = U U*U i s  t h e  con juga te  beam, 
.v 
- 
-c-0-r 
It foLlows t h a t  
jkr '  
U = K + e  i 
, t- - 
4 
Tllus the p r i l u a r y  and co :~ jug i \ t e  bealiis U are spl-~ei:ieal waves 
."-I- 
d i v e r g i n g  from o r  converging t o  a p o i n t  s p e c i f i e d  by image 
c o o r d i n a t e s  t h a t  can  be determined from ( 4 ) .  
Frorn F ig .  l a  n o t e  t h a t  
2 
 where'^^^ = x + z . Expanding ( 5 )  i n  a binomial  s e r i e s  
0 0 
a b o u t  Ro one can approximate r by t h e  exp res s ion  
0 
where s i n  a = xo/Ro. Analogous e x p r e s s i o n s  can be w r i t t e n  
0 
f o r  rr, rc and ri. I f  t h i s  i s  done t h e n  by us ing  ( 3 )  and. ( 4 )  
one c a n  w r i t e  
2 2 
x -ty . jkRi jk  -ZEi --jkx s i n  0 .  3. 
U, = K , - e  e e 
2 2 
jk[K 2 (KO-Rr) 1 jk  F-?Y- I- 1 1  2 [ -5  (-----) ] 
= K K K  e  C e 
c o r  
Rc Ro Rr 
- jkx[s i -n  a t ( s i n  0, - s i n  a ) ]  
c Q r 
e 
For t h i s  ec~ri.atj.on to be true for a.12. x it j.s necessary t h a t  
- s i n  ai - s i n  a + (sS.11 a - s i n  a _ )  C -- 0 i 
Egs. ( 8 )  and ( 9 )  have been ob ta ined  by champagne1 and 
g i v e  t h e  image c o o r d i n a t e s  R . ,  a .  i n  terms of t h e  coordi .nates  
3. 1 
R, CY, f o r  t h e  o b j e c t ,  r e f e r e n c e ,  and r e c o n s t r u c t i o n  beams. I f  
R .  i s  p o s i t i v e  t h e  image i s  v i r t u a l  wh i l e  i f  R i s  n e g a t i v e  I i 
t h e  image i s  r e a l .  The p l u s  s i g n  i s  a s s o c i a t e d  w i t h  t h e  p r i -  
mary wave and t h e  minus s i g n  w i t h  t h e  con juga te  wave. 
Eqs. ( 8 )  and ( 9 )  pe rmi t  a wide range of p o s s i b l e  image 
p o i n t  l o c a t i o n s  depending upon t h e  p a - r t i c u l a r  c h o i c e s  of 
Ror R r ,  R c r  aor a and a,. A s  an ai-d i n  d -e twmining  image r' 
i! p o i n t  loca t j -ons  two nomographs of Eqs. ( 8 )  and ( 9 )  have been 
c o n s t r u c t e d  a s  shown i n  F i g u r e s  2 and 3 .  Two a u x i l i a r y  v a r i -  
a b l e s  R and af have been in t roduced  and a r e  d e f i n e d  by the f 
e q u a t i o n s  
and 
s i n a  = s i n a  - s i n  ar 
. f 0 
The R-nomograph f o x  de-kcrmino; r\ is used i.n the fo l l .ov~ing  i 
manner ,  A s t r c l i y h t - .  line is cIraw11 betwecrz R nil the l e f t - . h a n d  
0 
a x i s  and K on the r i gh i ;  hand a x - i s ,  'I'he i ~ t i c r s c c t i o l ~  of this  
r 
l i n e  with the R axis determines a p a r t i c u l a r  value of R f f * 
I f  a second st..rai.~h-l i n e  i s  nycii circxiin fi-oln this val-ue 0 2  R f 
-Lo R or? tire l e f t - h a n d  a x i s  the Lntz~zsec tion of thTs second 
C 
l i n e  w i t h  t h e  Ri a x i s  determines  t h e  i x a g e  d i s t a n c e  R f o r  t h e  i 
primary wave. The v a l u e  of  Ri f o r  t h e  con juga te  wove i s  de- 
termined by connec t ing  t h e  second s t r a i g h t  l i n e  from -.Rf t o  
Rc. The a--noiflograph works i n  an e x a c t l y  anal-ogous manner. 
T11i.s procedure  t.lri.11 be i 1 l u s t r a . t e d  by two examples. 
Example 1: Le t  t h e  o b j e c t  be  a p o i n t  s o u r c e  l o c a t e d  a t  R = 
-- 0 
1-5 ( u n i t s  a r b i t r a r y ) ,  LY, = . O O  and I.et t h e  r e f e r e n c e  beam come 
0 
from a p o i n t  s o u r c e  l.ocatec1 a t  R = 60, ar  = 20° .  Le t  t h e  
r 
r e c o n s t r u c t i o n  beam be t h e  same a s  t h e  r e f e r e n c e  beam, i . e . ,  
Rc = 60, ac = 20'. On t h e  R-nomograph i n  P ig .  2 t h e  s t r a i g h t  
\ 
l i n e  j o i n i n g  R = 1 5  and Rr = 60  g i v e s  a  v a l u e  of  R - 2 0 .  
0 f 
To f i n d  t h e  primary wave draw a  s t r a i g h t  l i n e  from R = 20 t o  f 
Rc = 60 which g i v e s  t h e  image d i s t a n c e  R = 15 .  To f i n d  t h e  i 
a n g l e  a  f o r  t h e  primary wave draw a  s t r a i g h t  l i n e  i n  F i g .  3 i 
from a  = O 0  t o  a = 20° .  A s t r a i g h t  l i n e  drawn f r o n ~  
o r 
af = -20'  t o  ac = 20' de te rmines  t h a t  a.  = O 0  f o r  t h e  primary 3. 
wave. Tha t  i s ,  t h e  primary image i s  a  v i r t u a l  p o i n t  s o u r c e  
l o c a t e d  a t  Ri = 1 5 ,  ai = 0° which is t h e  same a s  t h e  o b j e c t  
as expect-ed. To f i n d  t h e  con juga te  image r e t u r n  t o  F ig .  2 
and cira~; a  stra-jcjht l i n e  from -Rf ( i . e . ,  Rf  = - 2 0 )  t o  R = 60  
c 
which cjivc;; a value of K = - 3 0 .  I n  Fig, 3 a straic~lli lirlc i 
from - o r  (of == 4-20') l o  u , ~  = 20 s l~ows tiiei for tl?i1 c o n j u i ~ a t e  
1. 
wave ci,. == 4 3 O  T h u s ,  t h e  conjugate im;tcjc j.s a real. j.macjc 
3- - 
Exa1npl.e 2: I n  Example 1 t h e  primary image was a  v i r t u a l  image 
- 
and t h e  con juga te  image was a  r e a l  image. A s  an  exa.mple of  a  
case i n  which t h e  primary image i s  r e a l  and t h e  c o n j u g a t e  
image i s  v i r t u m l  l e t  R = 100, uo = 0° ,  R = 2 0 ,  ar -? -150,  0 r 
Rc - 50, and ac = -15'. Then from P igs .  4 and 5  t h e  pr imary 
image i s  a  r e a l  image l o c a t e d  a t  Ri - -50 ,  ai = O 0  and t h e  
c o n j u g a t e  image i s  a v i r t u a l  image l o c a t e d  a t  R = 16 .6 ,  i 
11. HOLOGRAPHIC SPECTRUM ANALYSIS 
I t  i s  w e l l  known t h a t  i n  a d d i t i o n  t o  t h e i r  imaging pro-  
p e r t i e s ,  l e n s e s  can produce two-dimensional. F o u r i e r  t r a n s f  o2:ms 
of s p a t i a l  s i g n a l s  when i l l u m i n a t e d  wi th  cohe ren t  l i g h t .  1n  
p a r t i c u l a r ,  if cohe ren t  l i g h t  from a p o i n t  s o u r c e  P shown i n  
F ig .  6  i s  imaged o n t o  t h e  p-q p l a n e  and i f  a  t r anspa rency  w i t h  
an ampl i tude  t r a n s m i t t a n c e  g ( x , y )  i s  i n s e r t e d  i n  t h e  x-y p l a n e ,  
.., 
t h e n  t h e  coinplex ampl i tude  of l i g h t  U (p,q)  i n  t h e  p-q p l a n e  
,f 
i s  g iven  by 
where 
is the tv~o.-dinlellsi.o~~al. ~ o u r j - e r  transform of g (x,y) and 
- 
(d.1+d2) '(d - ~ d .  ) 
f L I----- --  - P i' -  
1 2  
P ~ d ~ d ~ -  ' (1.1) X Xdld3 Y 
are t h e  s p a t i a l  f r e q u e n c i e s .  I f  t h e  p o i n t  sou rce  P i s  moved 
o u t  t o  i n f i n i t y  s o  t h a t  t h e  t r anspa rency  i s  i l lunninated w i t h  a  
p l a n e  wave then  d w i l l  red-uce t o  t h e  foca l  l e n g t h  o f  t h e  l e n s  3  
and t h e  q u a d r a t i c  phase  f a c t o r  i n  (12) reduces  t o  
-jk 
exp [--- 
2d3 
d2 ) ]  and t h e  s p a t i a l  f r e q u e n c i e s  reduce  t o  t h e  ( 1  - -
d3 
more f a m i l i a r  forms f  = p/Ad3 and f  = q/Xd3. I f  t h e  s i g n a l  
X Y 
t r anspa rency  i s  now p laced  i n  t h e  f r o n t  f o c a l  p l a n e  of t h e  
l e n s  (d2 = d ) t h e  q u a d r a t i c  phase f a c t o r  wil.1 van i sh  a l t o -  3  
g e t h e r .  S ince  it i s  always the  i n t e n s i t y  l U f 1 2  t h a t  i s  
measured t h e  q u a d r a t i c  phase  f a c t a r  i n  ( 1 2 )  i s  g e n e r a l l y  of  
no consequence, 
R e f e r r i n g  t o  F ig .  6 it i s  seen  t h a t  independent  of t h e  
l o c a t i o n  of t h e  x-y p l a n e  t h e  F o u r i e r  t r ans fo rm o f  g ( x , y )  ap- 
w 
p e a r s  i n  t h e  image pl-ane of  t h e  p o i n t  s o u r c e  P. Th i s  s u g g e s t s  
t h a t  i f  t h e  l e n s  i s  r e p l a c e d  by a  photographic  p l a t e  and a 
hologram i s  record-eel u s ing  a  p o i n t  sou rce  r e f e r e n c e  wave, and 
i f  a r e c o n s t r u c t i o n  beam i s  chosen t h a t  w i l l  pro3uce a r e a l  
image of  t h e  po.i_nt source P, t h e n  perh-aps a t  t h e  l o c a t i o n  of 
t h i s  r e a l  image the Fourier t ransfoxm of y ( x , y )  k l i l l  be d i s -  
-., 
played.  1-n Sectjon I11 this w i l l ,  in f a c t ,  be shown t o  bc 
true for both t l lz  primary a n d  conjugate waves, 
9 
demons t r a t e  t h j . s  r e c ~ r l t ,  C0ns.i dcr the recording and recon- 
s t r u c t i o n  geoinetr i  es shown i n  F j  g .  7 .  The v a l u e s  of  R r ,  Ro ,  
a  and a a r e  t h o s e  o f  E x a ~ ~ ~ p i e  I i n  S e c t i o n  1. F r o ~ n  Rc' r f  o  
F i g .  2 it c a n  b e  s e e n  t h a t  t h e  c o n j u g a t e  wave p roduces  a  r e a l  
image o f  P a t  a  d i s t a n c e  R = - 3 0 .  I f  t h e  r e c o n s t r u c t i o n  ang1.e i 
a i s  t a k e n '  e q u a l  t o  -a  r a t h e r  t h a n  -Fa a s  i n  F i g .  3 ,  t h e n  
c r r 
i n s t e a d  o f  b e i n g  equal  t o  43'  t h e  image a n g l e  a .  f o r  t h e  con- J- 
g a t e  wave i s  0' a s  shown i n  F i g .  7b. The t h r e e  s l i t  s i g n a l  
shown i n  F i g .  8 a  was used f o r  g ( x , y )  i n  b o t h  t h e  l e n s  s y s t e m  o f  
- 
F i g .  6 and  t h e  h o l o g r a p h i c  s y s t e m  o f  F i g .  7 .  The l i g h t  i n t e n -  
s i t y  r e c o r d e d  i n  t h e  p-q p l a n e  o f  F i g .  6 i s  shown i n  F i g .  8h 
and t h e  l i g h t  i n t e n s i t y  recorded.  i n  t h e  F o u r i e r  t r a n s f o r m  pl-ane 
o f  F i g .  7b i s  shown i n  F i g .  8c. 
A s  a n  example o f  u s i n g  t h e  p r i n ~ a r y  wave ? o r  F o u r i e r  
t r a n s f o r i n  measurements  c o n s i d e r  t h e  r e c o r d i n g  and r e c o n s t r u c - -  
t i o n  g e o m e t r i e s  o f  F i g .  9 .  The v a l u e s  o f  Ro, R r f  Rc, a o r  a r f  
and ac  c o r r e s p o n d  t o  t h o s e  o f  Example 2 i n  S e c t i o n  I.  The 
prirnary wa-ve. p roduces  a n  image o f  P a t  P' i n  a  F o u r i e r  t r a n s -  
form p l a n e .  F i g .  1 0  shows a s i g n a l  and i t s  power s p e c t r u m  
(15 1 2,  a s  n ~ c a s u r e d  w i t h  a  l e n s  and a s  measured h o l o g r a p h i c a l l y  
i n  t h e  t r a n s f o r m  p l a n e  o f  F i g .  9b. 
111. THEORY 
I n  this s e c t i o n  a t h e o r y  wj . l .1  be  p r e s e n t e d  which v e r i f i e s  
t h e  exi-s-tance of Fourier trc~nsfoirln p lancs  j.n hol.ocj~:aphi-c 
imncfi ng, locates tilesc pl-anes,  and de t e r ra ines  t h e  scal e 
f a c t o r  w h i c h  rcl-ate5 t h e  spa-tic?' F requenc ies  t o  t h e  s p a t i a l  
cooxdina tes .  The geometry f o r  t h e  a n a l y s i s  i s  shown i n  F ig .  
11. The s i g n a l  g ( x , y )  i s  i n  t h e  x--y p l a n e  and t h e  hologram 
." 
is  recorded  i n  t h e  u-,v p l ane .  Upon r e c o n s t r u c t i o n  one wants  
t h e  F o u r i e r  t r ans fo rm of  g ( x , y )  t o  appear  i n  t h e  p-q p l ane .  
." 
The a n a l y s i s  i s  c a r r i e d  o u t  by de t e rmin ing  t h e  complex 
anipli tude of t h e  wave U(x,y)  a t  vari.ous p l anes  p e r p e n d i c u l a r  
-4 
t o  t h e  o p t i c a l  a x i s .  I f  U '  (xl,yl 
., 
) i s  t h e  complex arnpl-itude 
of  t h e  wave a t  t h e  p lane  z = 0 t h e n  t h e  complex ampl i tude  
U(xo,yo) a t  a p a r a l l e l  p l a n e  a di.st.ance z away i s  g iven  by 
-4 
3 t h e  Huygen--Presnel- p r i n c i p l e  a s  shown j-n F i g ,  3.2. R e f e r r i n g  
t o  t h i s  f i g u r e  one sees t h a t  t h e  e f f e c t  of  t r a v e l i n g  a d i s -  
t a n c e  d  i n  f r e e  space  i s  t o  change . U '  (x ,y  ) . t o  U (xo,yo) 
-4 1 1  - 
th rough  t h e  r e l a t i o n  
where K i s  a complex c o n s t a n t  and U '  ( x l ry l )  i s  assumed t o  b e  
w ." 
ze ro  o u t s i d e  t h e  a p e r t u r e .  J u s t  t o  t h e  l e f t  of t h e  s i g n a l  
f i l m  i n  F i g .  11 Ul(x,y) i s  t h e  r e s u l t  of l i g h t  from a  p o i n t  
% 
sou rce  t r a v e l i n g  a d i s t a n c e  d  1' To f i n d  U (x,y) l e t  - 1 
3.1- 
To t he  ri(jlit of t - IIC sirjnc7l I I J  ( x )  is given by 
where y (x ,y )  i s  t h e  ampli tude t r a n s m i t t a n c e  of t h e  s i g n a l  f i l m .  
.u 
Let  U ( u , v )  be  t h e  r e s u l t i n g  o b j e c t  beam in t l ie  p l a n e  o f  
-0 
t h e  hol-ograin. From (15) t h i s  o b j e c t  bearn cail be  w r i t t e n  a s  
Substitu-LLng (16) and (17) i n t o  (3.8) one can w r i t e  
where 
The r e f e r e n c e  wave from a p o i n t  sou rce  Q can be  w r i t t e n  
as [ s e e  Eq. ( 6 )  1 
S i n t i l - a r l y  , during t h e  reconstruction process t h e  r e c o n s t r u c t j - o n  
wavc from a point source S can be written as 
The hologram w i l l  r e c o r d  t h e  i n t e n s i t y  of t h e  surn of t h e  
o b j e c t  wave U ( u , v )  and t h e  r e f e r e n c e  wave U (u ,v )  a s  g iven  by 
-0 -r 
Eq.  (1). Upon r econs t rv . c t i on  t h e  t o t a l  f i e l d  U (u ,v )  t o  t h e  
-r 
r i g h t  of t h e  ho1.ogra.m i n  F i g .  11- w i l l  be  t h e  sum of f0u.r t e rms  
as shown i n  E q .  ( 2 )  . Only t h e  primary and con juga te  terms 
need t o  be  cons ide red  s i n c e  they  w i l l  b e  sepa-ra ted from each  
o t h e r ,  and. from t h e  d-c terms i n  t h e  p-q p l ane .  J u s t  t o  t h e  
r i g h t  of t h e  holocj-ram t h e  prilnary wave wil-1. be  des igna t ed  a s  
and t h e  con juga te  wave wil-1 be  des igna t ed  ads 
Eq.  (15) can t h e n  b e  used. t o  w r i t e  t h e  f i e l d  in t h e  p--q p l a n e  
whcrc t h e  upper s j  cjns r e fe r  t o  tlie primary wave and i.hc lovrcr 
sicj~is refer t o  t h e  conjucja"c eqavi., Coiilhinjncj E:cjs. (19) - (25) 
I t  i s  f i r s t  n e c e s s a r y  t o  d-o t h e  i n t e g r a t i o n  o v e r  u and 
v.  To t h L s  end l e t  t h e  p a r t s  of p c o n t a i n i n g  u and v b e  f 
r e p r e s e n t e d  by p and pv r e s p e c t i v e l y .  Then (27)  c an  b e  
U 
w r i t t e n  a s  
where  
- 
Pu + - )  : + s i n  a r + s i n  a, t -  P-- 
( 2 9 )  
and 
From t h e  .i.macjincj e c ~ u a t i o n s  (8) and (3) 
and 
+ s i n  a -k s i n  a = ? s i n . a o  + s i n  a 
r c i ( 3  2) 
I f  a. is  t a k e n  equal. t o  ze ro  and w, i s  s r l . e c~ ied  t o  make a .  
C 3. 
e q u a l  t o  ze ro  as i n  F igs .  7 and 9 ,  t h e n  (32) shows t h a t  t h e  
s i n  t*erins a r e  e l i m i n a t e d  i n  ( 2 9 )  . From Fj-gs. 7 ,  9 and 11 s e t  
Ri = -d3 and Ro = d 4-d i n  (31.). The c o e f f i c i e n t  of u 2  and 1 2  
v 2  i n  (29) and (30) t h e n  redukes  t o  5 dl/d2 (~3~--!-d .~)  . Since  
2 , jCl  (u--C2)  
du = C3 ej-2 dc = c o n s t a n t  
it i s  d.es.i.r.-a.hle t o  c o n ~ p l e t e  t h e  squa re s  i n  (29)  and (30)  and. 
w r i t e  
where 
w i t h  a  sri~nilar exl-tression f o r  p ' w i t 1 1  u replaccti by v ,  p 
v 
r e p l a c e d  by q, and x r ep l aced  by y. 
S u b s t i t u - t i n y  (33) and (34) i n t o  (2G) one o b t a i n s  
The terms p ' and. p ' g i v e  a  c o n s t a n t  when ( 2 6 )  i s  inteyra-bed. 
u v  
2 2 
ove r  u and v. The c o e f f i c i e n t  of (x -I-y ) in (36) j.s ident.i .cal1y 
zero .  Thus, ( 2 6 )  can be w r i t t e n  as 
2 2 . .  (P -4 ) - j2n( fxx+f  y )  
j $ G k ( X f Y )  e  dxdy 
where 
Eqs. (37) and (38) should be  compared w i t h  Eqs. (12), (13) anci 
(14). I n  p a r t i c u l a r ,  the hol-ographic system i n  F i g .  11 pro- 
duces  t h e  same spectrum measurement i n  t h e  p-q p l a n e  a s  t h e  
l e n s  systeln shoil~n i r l  F i g .  6 w i t h  the same sca1.e f a c t o r  f o r  t h e  
s p a t j a ?  f r c c j u e n c i e s  i n  terms of ill, d and cl 2 3 ' 
1 6  
I V .  CONCLUSION 
It has been shown both thcorctieally and expci-iinentally 
t h a t  under  c e r t a i n  conc l i t lons  1101-ograms p o s s e s s  F o u r i e r  t r a n s -  
fo rming  p r o p e r t i e s  s i m i l a r  t o  l e n s e s .  Thus holograms n o t  o n l y  
con ta i -n  in fo rmat i -on  a b o u t  t h e  image o f  a n  o b j e c t  bu.t may a l s o  
c0nta i .n  i n f o r m a t i o n  a b o u t  t h e  F o u r i e r  t r a n s f o r m  o f  t h e  o b j e c t .  
From ( 3 7 )  and ( 2 6 )  one  sees t h a t  t h e  pr imary  wave U' i s  p r o -  
- 5 
p o r t i o n a l  ( t o  w i t h i n  a  q u a d r a t i c  p h a s e  f a c t o r )  t o  t h e  F o u r i e r  
t r a n s f o r m  02 g ( x , y )  w h i l e  t h e  c o n j u g a t e  wave U- i s  p ropor -  
- -- 5 
t i o n a l  t o  t h e  F o u r i e r  t r a n s f o r m  o f  g 9 : ( x , y ) .  A l s o  n o t e  t h a t  
w 
t h e  q u a d r a t i c  p h a s e  f a c t o r  i n  ( 3 7 )  can  b e  e l i m i n a t e d  f o r  t h e  
p r imary  wave by u s i n g  p l a n e  wave i l l u r n i n a t i o n  a s  d i s c u s s e d  f o r  
t h e  l e n s  fo l lowi-ng Eq. ( 1 4 )  . However, t h e  qu-a-dra t ic  pha-se 
factor  c a n  n e v e r  b e  e l i m i n a t e d  f o r  t h e  c o n j u g a t e  wave. 
I n  e q u a t i o n  ( 3 2 )  a and ai were s e t  e q u a l  t o  z e r o  f o r  
0 
a n a l y t i c a l  conven ience .  T h i s  i s  n o t  n e c e s s a r y  and l e a v i n g  t h e  s i n e  
t e r m s  i n  s imply  c e n t e r s  t h e  t r a n s f o r m  p l a n e  a t  t h e  image l o c a t i o n  
03 p o i n t  P i n  F i g .  1-1. I n  f a c t ,  e x p e r i m e n t a l l y ,  i t  may b e  
d e s i r a b l e  t o  p i c k  a n  w, o t h e r  t h a n  z e r o  i n  o r d e r  t o  m_inj-mj z e  
0 
a b e r r a t i o n s  and t o  p i c k  a n  a o t h e r  t h a n  z e r o  i n  o r d e r  t o  maxi- i 
mize t h e  i n t e n s i t y  o f  t h e  d i f f r a c t e d  l i g h t  due  t o  volume 
hologram e f f e c t s  . 
By r e f e r r i n g  t o  t h e  nornographs i n  F i g s .  2 and 4 one  c a n  
show t h a t  the iniage of g (x,y) in Fig 7b occurs belvrcen -i.lle 
- 
hol c)<jrclrn plane and the S 7 0 u r i c ~ -  i s rans ior ln  pl a?lcl, whi 1 c j 11 
Fig, 912 t h e  image of g(x,y) occur:; too the r i g h t  of the  Four5.er 
"., 
ri transform pl-ant. .thus, in t h L s  latter case which. uses the 
primary wave i n  t h e  r e c o n s t r u c t i o n  it would be  p o s s i b l e  t o  
o b t a i n  a f i l t e r e d  v e r s i o n  of  t h e  o u t p u t  image by mea-ns of 
spat.ia1- f i l t e r i n g  i n  t h e  t r ans fo rm p lane .  This  would t h e n  b e  
an  o p - t i c a l  p r o c e s s i n g  system vih.i.ch u ses  110 l e n s e s  a t  a l l ,  
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L i s t  o f ,  F i g u r e s  
F ig .  3- 
F ig .  2 
F ig .  3 
F ig .  4 
P ig .  5 
F i g .  6 
F ig .  7 
Fig .  8 
F i g .  9 
a) Recording geometry f o r  p o i n t  sou rce  ho log raph ic  
imaging; b)  Recons t ruc t ion  geometry f o r  p o i n t  s o u r c e  
ho1ographi.c imaging. 
R--Nomograph f o r  ho log raph ic  imaging. S o l u t i o n  i s  f o r  
Example I i n  t e x t .  Un i t s  a r e  a r b i t r a r y .  
a--Nomograph f o r  hol-ographic imaging.  Solu.tion i.s f o r  
Example I i n  t e x t .  Un i t s  a r e  deg rees .  
R-Nomograph f o r  Example 2. 
a-Nornograph f o r  Exampl-e 2 .  
F o u r i e r  t r ans fo rming  proper  Ly of  a l e n s .  L i g h t  
i n t e n s i t y  i n  t h e  p--q p l s n e  i s  p r o p o r t i o n a l  t o  t h e  
2 power spectruiir I ~ ( f ~ , f ~ )  I o f  the s p a t i a l  s i g n a l  
.v 
g(xry1 - 
a)  Recording geoinetry and b)  Recomst~:uction geometry 
f o r  mea-suring t h e  power spec.tru111 shown i n  F i g .  8c .  
a)  Three s l i t  s i g n a l  cj(x,y) ; b) Power spectrum of 
-. 
g ( x , y )  measured i n  t h e  p-,q p l a n e  of F i g ,  6; c )  Power 
-. 
spectrum of g ( x , y )  measured i n  t h e  F o u r i e r  t r ans fo rm 
-" 
p l a n e  of Fi-g, 7b.' 
a )  Recording geometry and b)  Recons truc-t:ion geometry 
f o r  measuring t h e  power spcctrum sho i~n  Ln F i g .  10c. 
devel-oped in Section 111. 
Fig. 12 Fresnel diZfractioiz at c7,n apcrtv-r-e. 
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